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Chapter 1 

Abstract Group Theory 


1.1 Group 

A group is a set of elements that have the following properties: 

1. Closure: if a and b are members of the group, c = ab is also a 
member of the group. 

2. Associativity: ( ab)c = a{bc ) for all a,b,c in the group. 

3. Unit element: there is an element e such that ea = a for every 
element a in the group. 

4. Inverse: to every element a there is a corresponding inverse element 
a -1 in the group such that a -1 a = e. 

The following properties follow from the above definition: 

1. Left cancellation: If ax = ay then x = y for all a in the group. 
Proof: ax = ay —* a l (ax) = a 1 (ay) —> (a l a)x = (a 1 a)y — > 
ex = ey —> x = y. 

2. Unit element on the right: ae = a = ea. 

Proof: a^ 1 (ae) = (a _ 1 a)e = ee = e = a -1 a and using the left 
cancellation law we have ae = a. 


1 



2 


CHAPTER 1. ABSTRACT GROUP THEORY 


3. Inverse element on the right: aa~ l = e = a~ l a. 

Proof: a -1 (aa -1 ) = (a _1 a)ar 1 = ea~ l = ar 1 = a~ 1 e. Using the 
left cancellation law, aa -1 = e. 

4. Right cancellation: If xa = ya then x = y for all a in the group. 
Proof: xa = ya —> (xa)a 1 = (ya)a 1 —> x(aa x ) = y(aa x ) —> 
xe — ye —» x — y. 

We note the importance of associativity in the above proofs. 

The following identity is often useful: 

( ab)~ l = 6“ 1 a _1 

which follows from ( ab)~ 1 (ab ) = 1 —> (a6) _1 a = b~ l —* (a6) _1 = 

1.2 Abelian Group 

If a group has a further property that ab = ba for all a,b in the group, the 
group is called Abelian. 


1.3 Subgroup 

A subgroup is a set of elements within a group which forms a group by 
itself. Evidently, the unit element forms a subgroup by itself. 

We note that the definition of a group does not require all elements to 
be distinct from one another. However, when two elements are identical, 
then one of them is redundant so that we usually assume that all elements 
are different. A group with n identical elements evidently has at least n 
identical subgroups. 


1.4 Examples 

1. Integers under addition. The unit element e = 0 and the inverse of 
an element a is a -1 = —a. This group is Abelian and infinite. 
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2. A set of all n x n unitary matrices U (W = U~ l ) under matrix 
multiplication. The unit element is the unit matrix and the inverse 
of U is W by definition. We have to show that a product of two 
unitary matrices is unitary . 

(W 2 ) f = u\u\ 

= U^uu 1 

= 


3. The set of permutation operations that take ABC into ABC, ACB, 
BAC, CAB, BCA, CBA. The elements of the group are 

(A B C\ (A B C\ „ (A B C\ 

6 ~ [a B c) a ~\B C a) ^~\C A b) 

(A B C\ (A B C\ (A B C\ 

1 ~ \A C B) fl ~\C B Aj U ~ \ B A c) 

The operation af3 means: first do permutation j3 and then permuta¬ 
tion a on the previous result. We show below that every permutation 
has an inverse permutation and two successive permutations corre¬ 
spond to a single permutation i.e. the permutations form a group. 


We see from the above examples that "multiplication” can mean addi¬ 
tion, matrix multiplication etc. or simply that one operation is performed 
on the result of the preceeding operation like in the example 3. 


1.5 Multiplication Table 

The group multiplication table is a matrix M ab = ab, where a and b are 
elements of the group and the matrix element corresponding to row a and 
column b is given by the group multiplication ab. We illustrate this defini¬ 
tion by constructing the multiplication table of the permutation group in 
the example 3 above. 
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Thus, for example, the inverse of a is P and vice versa. The group is 
clearly not Abelian because e.g. a'y ^ 7a. The elements (e,7) form a 
subgroup, so do (e,u) and ( e,a,P ). Obviously, the unit element e 

forms a subgroup by itself. 

The group multiplication table mathematically characterises the group. 
All groups with the same multiplication table are mathematically identical 
with respect to their group properties. The multiplication table has the 
following properties: 

1. Rearrangement Theorem: In every row or column, each element must 
appear once and once only and therefore each row (column) is dif¬ 
ferent from any other row (column). 

Proof: Suppose element b appears twice in the row a. This means 
that ac = b and ad = b where c ^ d. But this implies that 
ac = ad —> c = d which is a contradiction. Thus element b cannot 
appear more than once and since the size of the row or column is the 
same as the number of elements in the group, it follows that each 
element must appear once and once only. 

2. The multiplication table is symmetric across the diagonal when the 
group is Abelian because the elements commute with one another. 


1.6 Cyclic Groups 

A group of n elements is said to be cyclic if it can be generated from one 
element. The elements of the group must be 

2 1 71 

a, a , a,..., a = e 
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n is called the order of the cyclic group. A cyclic group is evidently Abelian 
but an Abelian group is not necessarily cyclic. It is shown below that every 
non-cyclic group has at least a cyclic subgroup. 

Examples of cyclic groups are the subgroups of the permutation group in 
the example 3. The subgroup (e, a, (3) is the same as (cr, a 2 = /3, a 3 = e). 


1.7 Order of an Element 

Let a yf e be an element of a group. Form the products a 2 , a 3 ,.... a 2 
must be either e or a different element from a because if a 2 — a —> a — e. 
If a 2 ^ e we continue forming a 3 . By a similar argument, a 3 must be 
either e or a different element from a and a 2 . If a, a 2 ,..., a n are distinct 
from each other and a n = e then n is called the order of element a. These 
elements form a cyclic group. Thus every group must have at least one 
cyclic subgroup. In the example 3 above, a and /3 are of order 3 and 7, /i, 
and v are of order 2. 


1.8 Properties of Finite Groups 

We summarise below the properties of finite groups. 

1. Every element a has a finite order n such that a n = e. 

2. Rearrangement Theorem: Multiplying all elements in a group by an 
arbitrary element reproduces the group. This has been proven above 
in the properties of the multiplication table. 

3. Every non-cyclic group has at least a cyclic subgroup. 

1.9 Cosets 

If S' is a subgroup of G and a is an element of G not in S, then the sets 
aS and Sa are called the left and right cosets of S respectively, a cannot 
be a unit element and therefore a coset can never be a group because it 
has no unit element. It is also evident that aS or Sa have no element in 
common with S for otherwise, a should be included in S. Morevoer, if b is 
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an element of G which is neither in S nor in aS, then bS has no element 
in common with either S or aS. 

Proof: Let x and y be in S such that ax = by. We have axy- 1 = b, but 
xy~ l is an element in S and therefore b is in aS which is a contradiction. 
Consequently, a finite group can be factorised as 

G = S + aS + bS + ... 

but the factorisation is not unique. It depends on the choice of S, a, b, 

.. ., etc. The number of factors must be finite and the factorisation must 
exhaust the group. Thus we have the following theorem: 

Let h be the number of elements of a group G and g be the number of 
elements of a subgroup S of G. Then 

h 

— = integer 
9 

As a consequence, if h is prime then G must be cyclic and it has no 
subgroup other than the trivial subgroup of e. 


1.10 Class 

Two elements a and b of a group are conjugate to one another if there is 
an element g in the group such that 

a = gbg _1 (1.1) 

(Since every element has an inverse, it also follows that b = g'ag'~ x where 
g' = g -1 ). The transformation gbg- 1 is often called a similarity transfor¬ 
mation. If a and b are conjugate to each other and b and c are conjugate to 
each other, then a and c are also conjugate to each other. This is because 
a = gibgi 1 and b = g 2 cg 2 1 -»• a = g^cg^g^ 1 = ■ 

A class C is a set of elements which are conjugate to each other. The 
unit element evidently forms a class by itself. If G is Abelian, each element 
also forms a class by itself. It is clear that a group may be broken up into 
classes 

G = C 1 + C 2 +... 

and an element cannot belong to more than one class. 
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As an example, we work out one of the classes of the permutation 
group. In working out the classes, it is obviously not necessary to consider 
similarity transformations with either the unit element or the element itself. 
We use the multiplication table that we have constructed previously: 


/3a/3 _1 

7CC7 -1 

lUXfH 1 


(3aa = /3/3 = a 
7«7 = 7 n — (3 
gag = gv = (3 
uav = 1/7 = (3 


Th us a and /3 belong to the same class. Similarly we can show that (7, //, v) 
also form a class. 

Elements belonging to the same class usually have the same characteris¬ 
tic. In the above example, a and (3 both correspond to cyclic permutations 
whereas 7, g, and v correspond to permutations with one member fixed. 


1.11 Isomorphism and Homomorphism 

Two groups are said to be isomorphic if they have the same multiplication 
table, by reordering the elements if necessary. If F is isomorphic to G then 
there is a one-to-one correspondence between the elements of F and G, 
fi -> g h such that if fjj = f k then = g k . Two groups can only 
be isomorphic if they have the same number of elements. As an example, 
the permutation group in the example 3 is isomorphic to the symmetry 
operations that take an equilateral triangle into itself. This isomorphism 
can be seen by labelling the corners of the triangle with A,B,C. 

Homomorphism is similar to isomorphism except that the relationship 
is many-to-one. Two groups G and G' are said to be homomorphic if each 
element of G can be associated with some elements of G'\ a a' = 

(a'i, a' 2 ,. ..), b — > b' = (b\, b ' 2 ,.. .), c —> d = (d 1, c' 2 ,. ..), such that if 
ab = c then a'ib'j = c' k i.e. for every i,j, c' k lies in d . 
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1.12 Invariant Subgroup 

We prove the following theorem: 

Theorem: If S' is a subgroup of G and a is an element of G then 
S' = aS'a -1 is also a subgroup and it is isomorphic to S. We assume 
that the elements of S are distinct. 


Proof: We first show that the elements of S' are distinct. Let asja -1 = 
asja -1 and i ^ j. Then by the cancellation law, s* = Sj, which is a 
contradiction. Thus the elements of S' are distinct. We now show that if 
SiSj = Sk then s'is'j = s'k■ Proof: s'is'j = as i a^ 1 asja^ 1 = aSiSja^ 1 = 
aSkCL~ l = s'k ■ Thus S and S' are isomorphic with the same unit element 
e' = aecT 1 = e and the inverse of .s' is s' -1 = (asja -1 ) -1 = as^ l a l = 



If S' is the same as S for every a in the group then the subgroup S is 
called an invariant subgroup. This implies that the left coset of S is the 
same as its right coset, i.e. 


aS = Sa 


If we break a group into its cosets, 


G = S + aS + bS,... 


with an invariant subgroup S, then these cosets form a group with the unit 
element equal to S. Thus aSbS = abSS = abS = cS if ab = c. This 
group is called a factor group. It is an example of homomorphism where 
the invariant subgroup S is associated with the elements of S and the coset 
aS is associated with the elements of aS. 


1.13 Direct Product Group 

Let F be a group with elements f it i — 1,..., hp, and G be a group with 
elements g.i, i = 1,..., ho, such that f t g 3 = gjfj for all i and j. The 
direct product group F®G is defined to be the set of all distinct elements 
figj. If F and G have no common element, apart from the identity, then 
the order of the direct product group will be h F hc- 
We show that F ® G is a group. 
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1. Closure: ( figj)(fk9i ) = ( fifk){9j9i ) = fr9s ■ Since f r is in F and g s 

is in G then by definition f r g s is in F ® G. 

2. Unit element is epee- 

3. Inverse of f igj is {Ugf)- 1 = gj 1 fR l = f^gj 1 - 

4. Associativity: obvious. 

We have the following theorem: 

Theorem: The classes of the direct product group are given by the direct 
products of the classes of the individual groups. 

Proof: We label the elements of the product group a^- = f 7 g 3 . According 
to the definition of a class, we have 

Cij = a^ttijUrs, for all r,s 

fr 9 s fi9j fr9s 

= {fr 1 fifr){97 1 9j9s) 
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Chapter 2 

Theory of Group 
Representations 

2.1 Definitions 

A group {A, B,C,...} may be represented by a set of square matrices 
{T(A), T(B), T(C), ..These matrices are said to form a representa¬ 
tion for the group if they satisfy the same group multiplication rule: 

AB = C -»• T(A)T{B) = T(C) (2.1) 

The identity element E is represented by a unit matrix and each matrix 
must have an inverse. Some or all of the matrices may be the same. If 
the matrices are different, the representation is called faithful (isomorphic). 
The order of the matrices is called the dimension of the representation. 


2.2 Equivalent Representations 

If T is a representation then 

T' = S~ X TS (2.2) 


with an arbitrary but non-singular S is also a representation because 

T\A)T\B) = S- l T{A)SS- 1 T(B)S 


11 
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= S~ 1 T(A)T(B)S 
= S- 1 T(AB)S 
= T\AB) 

T and T' are equivalent and there are an infinite number of equivalent 
representations. 


2.3 Reducible and Irreducible Represen¬ 
tation 

A representation T is reducible if there exists a non-singular matrix S such 
that the equivalent representation T' = S~ l TS has the form 

( T i \ 

T 2 

r = t 3 

V ’ J 

for all elements in the group. Ti, T 2 , T 3 ,... are square matrices and the 
rest of the elements are zero. The representation is irreducible if it cannot 
be reduced into the above form. 


2.4 Equivalent Unitary Representation 

There are an infinite number of equivalent representations but it is possible 
to find one which is unitary. 

Theorem 1: 

Given an arbitrary representation T, there is always an equivalent unitary 
representation. 

Proof: 

Construct a Hermitian matrix 

H = Y j T(G)T\G) 

G 
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According to matrix algebra, we can always diagonalise a Hermitian matrix 
by a unitary transformation 

D = U~ l HU 

= Y u~ 1 t(g) t \g)u 

G 

= Y U~ 1 T(G)UU~ 1 T^ (G)U 

G 

= Y t' (g)t'\g) 

G 

U is made up of the eigenvectors of H and D is diagonal by definition and 
its diagonal elements are real and positive. 

Djj = T.T.t’AG)t%(G) 

G k 

G k 

= HEl r '»(G)l 2 >o 

G k 

In fact, it can never be equal to zero because otherwise T' = 0. Since D is 
diagonal, we may define a diagonal matrix D _1 / 2 with diagonal elements 
equal to 1,2 so that 

1 = d~ 1/ ' 2 Y t \g)t'\g)d~ 1/2 

G 

Using the above result, the matrix T"(G) = D~ 1 ^ 2 T'(G)D 1 ^ 2 can be shown 
to be unitary. 

T"(G)T"\G) = d- 1/2 t\g)d 1/2 [d~ 1/2 Y t \g')t'\g')d~ 1/2 ] 

G 1 

x D 1/2 T'\G)D~ 1/2 

= D~ 1/2 Y T , {G)T / (G , )T'\G')T'\G)D~ 1/2 

G ' 

= D~ 1/2 Y T\G)T\G') [T\G)T\G')} ] D~ l/2 

G' 

= D- 1/2 Y t '(GG')T'\gG')D- 1/2 

G ' 
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= D- l/2 Y J T\G")T'\G")D- l/2 

G" 

= 1 

The second last step has been obtained by using the Rearrangement The¬ 
orem. Thus, given an arbitrary representation T, it is always possible to 
construct a unitary representation by forming 

T" = D- l/2 U~ l TUD 1/2 (2.3) 

From now on we assume that we have a unitary representation. 


2.5 Schur’s Lemma 

Schur’s lemma is used in proving many of the theorems in group theory. 
Theorem 2 (Schur’s lemma): 

Given that [M, T] = MT — TM = 0 for all elements in the group, then 

(a) if T is irreducible, M = cl where c is a constant and / is a unit matrix. 

(b) if M yf cl then T is reducible. 

Proof: We first show that it is sufficient to prove the theorem for a Her- 
mitian M. 

TM = MT 
(TM) t = (MT) t 
M^T ] = T t M t 
T(M t T t )T = T(T t M t )T 
TM ] = M ] T 

since = T~ l (unitary). Adding and substracting the first and the last 
equations, we get 

T{M + M t ) = (M + M ] )T 

and 

T i(M - M t ) = i(M - M f ) T 

Let Hi = M + Aft and H 2 = i(M - Aft) so that [H u T] = [H 2 , T] = 0. 

Hi and H 2 are Hermitian and M = 1/2 (H 1 —iH 2 ). Thus, if the theorem is 
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true for a Hermitian matrix, it must be true for M. We can now assume M 
to be Hermitian and perform a unitary transformation so that M becomes 
diagonal, D = U~ l MU, and define an equivalent representation T' = 
U-'TU. Then 


T'D = U~ l TUU~ x MU 
= U~ l TMU 
= U~ X MTU 
= U~ 1 MUU~ 1 TU 
= DT' 


We have to show that the diagonal elements of D are all identical if T, or 
equivalently T', is irreducible. Consider the ij, i ^ j, element, 

T'ijDjj = DaT'ij 

T ij(Djj — D tt ) = 0 (2-4) 

Let us order the diagonal elements of D such that Da < Djj for i < j 
which can always be done by rearranging the columns of U. Suppose 
D n = D nn and D n < Da where n > 1 and i > n. Then it follows from 
Eq. ( 2.4) that T' must have the form 


where X is an n x n matrix, i.e. V is reducible. 

Let us summarise the conclusions: If M ^ cl then T must be reducible. 
If M = cl then obviously it commutes with T whether it is reducible or 
irreducible. Hence if T is irreducible then M must be equal to cl for oth¬ 
erwise T would be reducible. 


Theorem 3: 

Given T a M = MT i3 , where T a and T 13 are irreducible representations of 
dimension l a and Ip respectively and M is a rectangular l a x Ip matrix, 
then 

(a) if l a Ip, M = 0 or 

(b) if l a = Ip either M = 0 or \M\ ^ 0. In the latter case, M will have an 
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inverse so that T a and T 13 are equivalent. 

Proof: 

T a (G)M = MT p {G) 

(T“(G)M) t = (MP / 3 (G')) t 
M t T Qt (G) = T /?t (G)M t 
M 3 T a ~\G) = T 9 ~\G)M * 

MM^T a ~ 1 (G) = MT /?_ 1 (G)M t 
MM t T a (G" 1 ) = MT 0 (G~ 1 )M ji 
MM t T a (G _1 ) = r(G“ 1 )MM t 

Since T a is irreducible, it follows from Schur’s lemma (Theorem 2) that 
MM t = cl. Consider the case l a = Ip. 

|MM f | = |c/|; |M||M f | = ||M || 2 = c z “ 

If c 7 ^ 0, then |M| 7 ^ 0 i.e. M _1 exists. It follows that T" and T 3 are 
equivalent since 

M~ 1 (T a (G)M) = M~ 1 {MT P {G)) = T /3 (G) 

If c = 0, then MM 3 = 0. Let us look at the diagonal elements of MMf 

= 0 
k 

= 0 

k 

El M ^-l 2 = 0 

k 

Since this is positive definite, each term must vanish i.e. M — 0. Consider 
now the case l a ^ l@, l Q > Ip. We enlarge M into a l a x l a square matrix 
N with the additional elements equal to zero. Then NN^ = MM t = cl. 
But \N\ = 0 because one of its columns is zero. 

NN* — cl — > |iViV t | = c la -> |iV11Aft| = c la -> c = 0 

Hence IVIVt = 0 which implies IV = 0. Since M is contained in N, then 

M = 0. 
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2.6 Orthogonality Theorem 

We are now in a position to prove the Orthogonality Theorem which is 
central in representation theory. 

Theorem 4: Orthogonality Theorem 

£ T^GYT^G) = (2.5) 

G 

a and f3 label the irreducible representations, l a and Ip are the dimensions 
of these irreducible representations, and h is the number of elements in the 
group. 

Proof: 

Define a matrix 

M = J2T a {G)XT rd (G~ 1 ) 

G 

where X is an arbitrary matrix and a ^ f3. We want to show that this 
matrix satisfies the postulates of Theorem 3. Consider 

T a (A)M = T a (A) Ta (G) XT0 (G~ 1 ) 

G 

= Y T a (A)T a (G)XT f3 (G~ 1 )T l3 (A- 1 )T l3 (A) 

G 

= Y T a (AG) XTl3 (G~ 1 A -1 ) 1 " 13 (^) 

G 

= Y T a (AG) XTl3 ((AGy 1 ) 1 " 0 (A) 

G 

= Y T a ( a G)XT i3 ~ 1 (AG)T 3 (A) 

G 

= Yi Ta ( G ) XT/3 ~ 1 ( G )} T/3 ( A ) 

G 

= MT 0 (A) 

We have again made use of the Rearrangement Theorem in the second last 
step. According to Theorem 3, M = 0 since we are considering the case 
of a ^ f3 so that 

M,j = o = £ £ Tl(G)X tl T^G- 1 ) 

G kl 
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Since X is arbitrary, we may set X kl = 5 km 8i n ■ Then 

Y.1?JG)T! j (G-') = Y. T Sn(G)Tl 3 2(G) 

G G 

= £ts,(g)t^.(g) 

G 

= E r “»( G ) r T( G ) 

G 

= 0 

When a = f 3 , according to Schur’s lemma (Theorem 2) 

M ij = cS ij = Y.Y.T^ G )XuTTi(G- 1 ) 

G kl 

= E r £,(G)r“(G'') 

G 

Putting i — j and summing over i yields 

cl. = EE^( G)T“(G-') 

G i 

= E t :je) 

G 

ho nm 

Thus we have 

EVJGK^G- 1 ) = (h/L)t> nm 5 v 

G 

Since T is unitary, 

E Ts.(ayif„(ay = (h/Q^ 

G 

Eqn. ( 2.5) has the form of a dot product with T?(G) as the G’th 
component of a vector labelled by a, i and j, in the h dimensional space of 
the group elements. This means that the number of distinct labels (a, i,j) 
cannot exceed h, i.e. J2 a ^ It w '^ P roven later that in fact 

££ = * 

a 

The result is very useful in working out the irreducible representations of a 
group. 
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2.7 The Characters of a Representation 

We have seen that a representation is not unique. We recall that if T is a 
representation, so is T' = S~ l TS. Given T and T', how can we then tell 
that they are equivalent ? One way will be to figure out if there is a matrix 
S, such that V = S~ l TS. But this is a complicated procedure. What 
we are looking for are properties of a matrix which are invariant under a 
similarity transformation. The eigenvalues are one of them but they are 
too cumbersome to calculate. A simpler quantity is the trace of a matrix 
or the sum of the diagonal elements: 

X°(G) = TrT°(G) = '£TS(G) (2.6) 

i 

We show that the trace or character of a matrix is invariant under a simi¬ 
larity transformation: 

TrT = 

i jk 

= UZSvSjyr* 

jk i 

= SkjTjk 

jk 

= TrT 


The characters of a representation cr is a set of h numbers {x a (G)}. It 
will be shown later that if the representation is irreducible, its characters 
are unique. 

Theorem 5: 

If elements A and B of a group belong to the same class, then the char¬ 
acters of their representations are the same. 

Proof: 

Since A and B belong to the same class, there is an element C such that 
A = C~ l BC. Consequently, 

Tr T(A) = Tr ^(C" 1 ) T(B) T(C )] 
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= Tr [T(C) T(C _1 ) T(B)} 
= Tr [T(E) T(B )] 

= TrT(B) 


Theorem 6: First Orthogonality Relation 

E x“(G) V(G) = E X a {C k y X S (C k )N k = hS all (2.7) 

G k 

C k labels a class with N k elements. 

Proof: 

Setting i = j and k — l in Eqn. ( 2.5) (Orthogonality Theorem) and 
summing over i and l we have 

Ex“(G)V(G) = (h/QS^SuSu 

G il 

Ex a (c k y x 0 (c k )N k = hS aP 

k 


Eqn. ( 2.7) has the form of a weighted dot product with weight N k in a 
space with dimension equal to the number of classes of the group. x a (c k ) 
is the k’th component of vector a. It follows that the number of irreducible 
representations must be less than or equal to the number of classes. 


2.8 The Regular Representation 

We prove the following theorem: 

Theorem 7: 


E l l = h (2-8) 


Proof: 
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A proof of this theorem is provided by considering the so called regular 
representation. The regular representation is formed in the following way. 
We write the multiplication table as follows: 



e a (3 7 ... 

e 

e 

or 1 

e 

r 1 

e 

7 1 

e 


We form the regular representation of an element a by writing 1 wher¬ 
ever the element a occurs in the table and zero otherwise. Let the group 
elements be a*, i — 1,2,, h, then the regular representation is given by 

Tjkifli) 1 if 

= 0 otherwise 

It is clear from the definition that the representation is faithful. To show 
that it is really a representation, we have to prove that 

^ ' Tjk ( O/)Tkl (flm) 

k 

if and only if did m = a p . By definition, Tj k (di) 0 only when k is such that 
d k = ajdi and similarly T k i(a m ) ^ 0 only when k is such that a k = a^a” 1 . 
Therefore Ek T jk(ai)T k fa m ) = 1 if and only if G>fa — CLj&i — CLiCL^y^ 1 and 
zero otherwise. However, ajdi = c^a,” 1 implies aj 1 a; = Oid m = a p . 

The character is given by 

h 

X(ai) = J2 T jj( a i) = h a i = e 

3 =1 

= 0 otherwise 

This is clear by inspection of the multiplication table. We can now prove 
Theorem 7 by writing the character of the regular representation as a sum 
over characters of the irreducible representations: 

x{<h) = 

a 
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From the orthogonality relation we have 

m a = ^J2x a *(ai)x(ai) 

Since x°( e ) = la, x( e ) — h, ar| d x( a i 7^ e) = 0 it follows that m a = 
l a . Each irreducible representation occurs in the regular representation a 
number of times equal to the dimension of the irreducible representation. 
On the other hand, h = J2a m ala so that 

h-T.ll 

a 

This result together with the orthogonality theorem show that there are 
exactly h orthogonal vectors . 

Theorem 8: Second Orthogonality Relation 

Tx a (C k y X a (Ci) = (h/N k )5 kl (2.9) 


Proof: 

We recall that the matrix representation T -* can be regarded as a set of or¬ 
thogonal vectors in the h- dimensional space of the group elements. T°-(G) 
is the component of the vector along the ”G-axis”. themselves can 
be regarded as a basis in the space of the group elements since the number 
of a,i,j is precisely h. Any vector in this space can therefore be expanded 
in 7-: 

\ T C aijT* 

aij 

We sum the components of y along G-axes which belong to a given class 

C k , 

X(C0 = E X(G) 

= E E<Wt5(G) 

GeCfc aij 

= f EE E c^T^'GGj 

n Gi Gec k aij 
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= £ ZZ^TS(GT')T£(G)T S ( Gl ) 

n Gi GeC k odj kl 

= £ ££<WA&lH(G)/ia 

GsCfc aij fcZ 

= £ £caiiX“(G)/i« 

= E<«m) 

Q! 

where a a = (N k /l a ) J2i c a u- The third step uses the fact that G^C^Gi = 
Cfc for every G\ in the group, the fifth step uses the orthogonality theorem, 
and the last step uses the fact that the characters of elements belonging 
to the same class are identical. Thus the set of vectors {x{C k )} are lin¬ 
early independent because the group elements can be divided uniquely and 
completely into distinct classes. 

Multiplying x(Cfc) by x^ (C k )N k and summing over the classes k yields 

T,x(C k )x P *(C k )N k = T,^T,X a (C k )x P *(C k )N k 

k ol k 

^ ^ ^ahS a p 
a 

= hcip 

Consequently, 

xiCi) = £a DX^C,) 

0 

= (1/ft) £ £ x(O c )V , *(G c )A'rt‘ J (C,) 

0 k 

0 = Y,x(c k ) 

k I 0 

This is true for an arbitrary x(C k ) so that the quantity in the square bracket 
must vanish which proves the theorem. 

Eqn. ( 2.9) has the form of a dot product in a space with dimen¬ 
sion equal to the number of irreducible representations. It follows that the 
number of classes must be less than or equal to the number of irreducible 
representations. On the other hand by Theorem 6 the number of irreducible 
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representations must be less than or equal to the number of classes. Thus 
we conclude the following corollary: 

The number of irreducible representations is equal to the number of 
classes. 

Theorem 6 and 8 imply that the irreducible representations are uniquely 
characterised by their characters and consequently two distinct irreducible 
representations cannot have the same set of characters. 


2.9 The Character Table 

The character table is a square matrix with dimension equal to the number 
of classes or irreducible representations: 

Qak = X a (C-k) 


It has the form 



Ci = C E 

n 2 c 2 

n 3 c 3 


T 1 

1 

1 

1 


T 2 

h 




T 3 

h 





The row is labelled by the irreducible representations and the column by 
the classes. 


2.10 Properties of the Character Table 

The properties listed below are useful for constructing the character table. 

1. The number of irreducible representations is equal to the number of 
classes. 

2. The first column contains the dimension of each representation and 
the sum of its square is the total number of elements in the group 
(Theorem 7): Yf a l 2 a = h. 
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3. As a convention, the first row is the identity or unit representation 
consisting of 1. 

4. Each row or column can be regarded as a vector. In this sense: 

(a) The rows are orthogonal with weighting factor N k (Theorem 6) 
and normalised to h. 

(b) The columns are orthogonal and normalised to h/N k (Theorem 

8 ). 

5. If the character table of a factor group is known, then due to homo¬ 
morphism, the character of an element aS in the factor group may 
be assigned to the classes which are contained in aS. We recall that 
if a group has an invariant subgroup S, then we can form a group 
S,aS,bS,... where a is not in S, b is not in S and aS etc. This 
group is a called a factor group with S as the unit element and it 
is homomorphic with the group itself. An invariant subgroup means 
that a; -1 ^ = S for every element x in the group and by Theorem 
9 discussed in the next section, S must consist wholly of classes. 
The homomorphism between the factor group and the group itself 
means that if T(aS) is a matrix representation of the element aS of 
the factor group then the same matrix may be used to represent all 
elements in the coset aS. Thus, the characters of the classes in aS 
is just the same as the character of T(aS). 

The above five rules are often sufficient to construct the character 
table but the following rule, which is described in the next section, 
can be of help. 

6. The characters of the a representation are related by 

NiX a (C i )N jX a (C j ) = l a Y,™ ijk N kX «{C k ) (2.10) 

k 

where is the coefficients of class multiplication, CiCj = 

WlijkC' k - 
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2.11 Class Multiplication 

Let C be a collection of classes. From the definition of a class we have 

x~ l Cx = C 

for every element x in the group. This is evident from the fact that all 
elements in a class are conjugate to one another and if two elements a and 
b are different then x~ 1 ax ^ x~ x bx. Moreover, an element cannot belong 
to more than one class. Thus the elements on the right hand side must be 
identical to the elements in C. 

Theorem 9: 

A set of elements C obeying x~ l Cx = C for all x in the group must be 
composed wholly of classes. 

Proof: 

Suppose R is a set of elements in C which do not form a class. But x~ l Rx 
must be equal to R itself since {C — R) form classes and by definition they 
will never be conjugate to elements in R. Thus R must be a class. 

We now consider a product of two classes and here we do count all re¬ 
sulting elements even when some are the same. 

CiCj = x^CiXX^CjX 
= x~ x CiCjX 

By Theorem 9, it follows that CiCj must consist wholly of classes. There¬ 
fore it must be possible to write 

Of, (2.ii) 

k 

where rn tJ k are integers telling how often the class C* appears in the prod¬ 
uct CiCj. 

Let us consider the class multiplication in terms of matrix representa¬ 
tions. If we let S(Ci) be the sum of matrices of all elements in the class 
Ci and T(x) be a matrix representation of the element x then we have 

T~ 1 (x)S(C i )T(x) = S(Ci ) or S(Ci)T(x) = T(x)S(Ci). If the representa¬ 
tion T is irreducible, then it follows from Schur’s Lemma that S'(C'j) = cj. 
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Thus 


CjCj S ' rriijkCk 
k 


Taking the trace of S'(Cj) and assuming we are in the irreducible represen¬ 
tation a we get 

Tr S(Ci) = Tr cj = cR a 


On the other hand, 


Tr S{Ci) = N iX a {Ci) 


Therefore 

Q = N iX a (C t )/l a 

and Eq. ( 2.10) follows. 


2.12 Direct Product Groups 

If a group is a direct product of two groups, then the irreducible represen¬ 
tations and the character table of the product group can be worked out 
easily from those of the two individual groups with the help of the following 
theorem. 

Theorem 10: 

If G = G\ ® G 2 then T a ®P = T" ® T 2 is an irreducible representation of 
G. Moreover, for all T“ and Tjf these are all possible irreducible represen¬ 
tations of the product group. 

Proof: 

We first show that T is a representation of G. Let ai, a 2 ,... and b 1: b 2 , ■ ■ ■ 
be the elements of G\ and G 2 respectively and let = a.ibj be the 
elements of the direct product group G. Suppose CijCki = c mn which 
implies that a.ibjdkbi = a m b n or didkbjbi = a m b n since the elements of 
G\ and G 2 commute. This means that Oja*; = a m and bjbi = b n or 
T a ( ai )T a (a k ) = T a (a m ) and T?{b^T? (6 t ) = T fi {b n ). Writing the last 
two matrix equations in component form, multiplying them and using the 
definition of direct product yield the required result. 

Let M be a matrix which commutes with every T alg)/3 . M may be 
written in the form M = Mi ® M 2 where M x and M 2 have the same 
dimensions as T" and Tif respectively. The commutivity of M with T a ®P 
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implies the commutivity of Mi with T" and M 2 with T 2 . By Schur’s 
lemma, Mi = k\I\ and M 2 = k 2 I 2 and hence M = kik 2 I and no non¬ 
constant matrix M exists so that by Schur’s lemma T alg)/3 is irreducible. 

To show the last part of the theorem, we recall that L = ^1 
and J 2 / 312/3 — ^ 2 - Let l a p = Z"Z 2 be the dimension of the irreducible 
representation T alg)/3 . We have 

a/3 o/3 

But h\h 2 is the order of the direct product group and therefore there are 
no more possible irreducible representations other than T a ®& for all Tj" and 

rp\3 

1 2 ■ 

2.13 Examples 

1. We construct the character table of the permutation group of three 
objects which we have considered previously. There are three classes 
Ci = e, C 2 = (a,P), and C 3 = ( 7 ,n,v) and therefore by rule 
1 there are three irreducible representations. Rule 2 tells us that 
If + l 2 + I 3 = 6. There is always an identity representation so we 
may take l\ = 1. Then l 2 = 1 and / 3 = 2 are the only possible 
solution and the character table must look like as follows: 



Ci 

2^2 

sc 3 

T 1 

1 

1 

1 

T' 2 

1 

a 

b 

3 

2 

c 

d 


To determine a, b, c, and d we need to know one of them and 
we can find the others by orthogonality (rule 4). The subgroup 
S = ( e,a,(3 ) = Ci + C 2 is an invariant subgroup and the corre¬ 
sponding factor group has the multiplication table 



s 

7 S 

s 

s 

7 S 

7 S 

7 S 

S 
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where 7 S = fiS — uS — ( 7 ,fi,v) = C '3 . This is a group of two 
elements and there are evidently two classes, the first class consists 
of the unit element S and the second class consists of the element 
7 S. The number of irreducible representations is two and both must 
have dimension one, by rule 2. The irreducible representations of 
the factor group must be (1,1) and (1,-1). Then from rule 5 we 
may assign a = 1 and b = — 1 (a = 1 and 6 = 1 gives the iden¬ 
tity representation). Note that we have taken a and b and not c 
and d because the irreducible representations of the factor group are 
one dimensional and T 2 is also a one dimensional representation. 
The other two characters c and d can be easily obtained from the 
orthogonality between columns. 

l-l + l- a + 2- c = 0 ^ c = — 1 
l-l + l-b + 2-d = 0 d = 0 


Finally we have 




2 C 2 

3C 3 

T 1 

1 

1 

1 

T 2 

1 

1 

-1 

T 3 

2 

-1 

0 


2. Abelian groups: Every element in an Abelian group forms a class by 
itself. Therefore the number of irreducible representations is simply 
equal to the number of elements in the group. Moreover, rule 2 
implies that all irreducible representations have dimension one. The 
consequences are 


(a) Unitarity of representations implies that the numbers represent¬ 
ing an Abelian group have modulus one. 
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(b) If the number X represents an element x then A"* represents 
x~ 1 . 

(c) The character table serves also as a representation table. 


As an example we consider a non-cyclic group of fourth order with 
the following multiplication table 



e 

a 

b 

c 

e 

e 

a 

b 

c 

a 

a 

e 

c 

b 

b 

b 

c 

e 

a 

c 

c 

b 

a 

e 


a 2 = b 2 = c 2 = e so a, 6, and c are represented either by ±1. 
If a is represented by 1 then b = c = ±1 because be = a. If a = — 1 
then either 6 = 1 and c = —1 or 6 = —1 and c = 1. Thus we have 



e 

a 

6 

c 

T 1 

1 

1 

1 

1 

T 2 

1 

1 

-1 

-1 

T 3 

1 

-1 

1 

-1 

rj-i4 

1 

-1 

-1 

1 


3. Cyclic groups: These are Abelian groups which can be generated by 
a single element: G = (a, a 2 , ..., a h = e). If a is represented by a 
number A k then a 2 is represented by A\ etc. and A k = 1 since e 
is always represented by 1. Thus, A k must be one of the h roots of 
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unity, i.e. A k = exp(i 27 rfc//i) and the character table is given by 



e 

a 

a 2 


a h 1 

T 1 

1 

1 

1 


1 

T 2 

1 

A\ 

Af 


A^ 1 

2^3 

1 

A-2 

A 2 


A h 2 ~ l 













rph 

1 

Ah-i 

AU 


1 1 
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Chapter 3 

Group Theory in Quantum 
Mechanics 

3.1 Linear Vector Space 

A set {ri,r 2 ,...} is said to form a linear vector space L if r* + r j is 
another member in the set for every i , j and cry is also another member 
in the set where c is a complex constant. The quantities (r l5 r 2 ,...} are 
called vectors and there are an infinite number of them. 

A set of vectors {v!, v 2 ,..., v p } is said to be linearly independent if 
none of them can be expressed as a linear combination of the others. If a 
set of coefficients {ck} can be found such that 

p 

C ^ W k = 0 

k= 1 

then the vectors are said to be linearly dependent. The largest number of 
vectors in L which form a linearly independent set is called the dimension 
of L. This is the same as the smallest number of vectors needed to describe 
every vector in L and these vectors are said to form a basis. We denote 
the dimension of L by s and the basis vectors by {e^ e 2 ,..., e s } so that 
any vector v may be written as 

S 

V = E V i e i 

i= 1 
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In order to determine the coefficients ty from a given vector v we in¬ 
troduce the concept of scalar or dot product between two vectors vi and 
v 2 which we denote by (vi,v 2 ). The particular definition of the scalar 
product is arbitrary but it must satisfy the following general conditions: 


1. (vi, v 2 ) is a complex number 

2. (vi,v 2 ) = (v 2 ,Vi)* 

3. (vi,cv 2 ) = c(vi, v 2 ) -»• (cv 1; v 2 ) = (v 2 ,cvi)* = c*(vi, v 2 ) 

4. (vi + v 2 , v 3 ) = (vi, v 3 ) + (v 2 , v 3 ) 

5. (vi,vi) > 0. It is only zero when vi = 0. 

Examples: 

1. Vectors in 3-dimensional space. The dot product is defined as 
(vi, v 2 ) = v\V 2 Cos 0 where v\ and u 2 are the lengths of the vec¬ 
tors and 6 is the angle between the two vectors. 

2. Function spaces. The dot product is defined as (-f/y, ipj) = 
f d 3 r iu(r)^*(r)^y(r) where w is a weight function which is usu¬ 
ally real and positive definite so that the last condition is satisfied. 
We can also define orthonormal basis functions {&} such that any 
function can be expanded in this basis: i/j = Cfii The linear 
space spanned by this basis is called the Hilbert space. 

We define an operator T by 


Tv = v 

where v is an arbitrary vector or function which is carried into another 
vector or function v', Both v and v' are in L. The operator is called linear 
if 


T(vi + v 2 ) = T Vl + Tv 2 
Tcv = cTv 
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We will consider only linear operators. 

Since any vector in L can be expanded in the basis vectors, it is only 
necessary to study the effects of the operator on the basis vectors. 


T e. 




The matrix 70 is said to form a representation for the operator T in the 
linear vector space L. 

It is usually convenient to choose an orthonormal basis, by this we 
mean {(j>i,(f>j) = %. This can always be done by the Gramm-Schmidt 
orthogonalisation procedure. We illustrate the method for three vectors. 
The generalisation to an arbitrary number of vectors is straightforward. Let 
, 02 , 03 be three linearly independent functions which are not necessarily 
orthogonal nor normalised. Let 0! = 0i/ \J (0i,0i) and construct 0 2 = 
02 — 0i(0i,02) which is orthogonal to 0i. We normalise 0 2 to get 0 2 = 

02 /V( 02 , 02 ) and construct 0 3 = 0 3 - 0 2 (0 2 ,0 3 ) - 0i(0i,0 3 ) which 
is orthogonal to both 0i and 0 2 and which is then normalised to give 

03 = 03 /\/ 03 , 03 ) In this way we have constructed an orthonormal set of 
functions and we can see that for a general case we have 

n— 1 

0n = 0n - ^0i(0j,0n) 

2=1 


3.2 Symmetry Transformations 

A symmetry transformation G with respect to a given function f(x,y,z) 
is a real linear coordinate transformation that preserves the length (real 
unitary transformation) 

r' = Gr -> r' = G0ry, ry = x,y,z 
j 

such that the function calculated with the new variables r, by the above 
substitution of coordinates is the same as the function calculated with the 
old variables: f(x',y',z') = f'(x,y,z ) = f(x,y,z ) -> /(Gr) = /(r). In 
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other words, the function looks the same in the old and the new coordinate 
system. This also implies that 

f(Gr) = /(r) = /(G _1 r) 

because /(r') = /(r) = /(G _ V) and r' is just a dummy variable. 

A symmetry operator T(G) associated with a symmetry transformation 
G is defined by 

T{G)f{ r) = f{G- x r) 

It is important to note that the operator acts upon the coordinates r, and 
not upon the argument of /. Thus we mean that 

T{G)f{Av) = fiAG-'r) ^ /(G^Tr) 

We also have G _1 instead of G in our definition. This is a natural choice 
because two successive operations T(G i) and T(G 2 ) on a function /(r) 
correspond to the same order of coordinate transformation: 

f (G 2 )f (G t )/(r) = t (G 2 )/(Gr‘r) = /(Gr'GjV) = /([GjGJ-'r) 


Theorem 1: 

If {G} is a set of all symmetry transformations of a function, then the 
associated symmetry operators (T(G)} form a group. 

Proof: 

The set {G} evidently form a group because if G is a symmetry transfor¬ 
mation, then so is G -1 as discussed above. A succession of two symmetry 
transformations is itself a symmetry transformation and the identity trans¬ 
formation is obviously a symmetry transformation. From the definition, we 
have 

T(G 1 )T(G 2 )/(r) = f(G x )f(G^ r) 

= /(G^Gr 1 r) 

= /([GiG 2 ] x r) 

= T(G 1 G 2 )/(r) 

Hence T(Gi)T(G 2 ) = T(GiG 2 ) and the symmetry operators form a group. 
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3.3 Invariant Subspace and Its Genera¬ 
tion 

A set of functions or vectors {(pi} is said to span an invariant subspace Vs 
under a given set of symmetry operators (T(G)} if T{G)<pi is also in Vs 
for all G and i. 

An invariant subspace can be generated from an arbitrary function / and 
a set of symmetry operators (T(G)} by applying each of the operators on 
/. The set of functions {T{G)f} form an invariant subspace under (T(G)} 
because T(G')[T(G)f] = T(G'G)f, which must lie in the subspace since 
T{G'G) is just another member of (T(G)}. We note that the number of 
functions that span the subspace is not necessarily equal to the number of 
G. Some of the functions may be the same or can be expressed as linear 
combinations of the others. The largest number of linearly independent 
functions in Vs is called the dimension of the subspace. 

It may happen that we can construct a function f in Vs such that the 
invariant subspace {T(G)f} has a smaller dimension than that of Vs- In 
this case the subspace Vs is said to be reducible. When such a function 
cannot be found than Vs is said to be irreducible. 


3.4 Basis Functions for a Representation 

Let {(pi} be a set of orthonormal functions that span an invariant subspace 
Vs- Then T(G)(pi( r) = <pi(G~ l r) is in Vs by definition and it can therefore 
be expanded as a linear combination of {(pi}\ 

T{G)(Pi = Y J (P j T jl {G ) ( 3 . 1 ) 

3 

If the basis functions are orthonormal, then T{G) is unitary because 

(T(G)(Pi,f(G)(P J ) = 5i j = (Z^TUG^dnT^G)) 

k l 

kl 

= E Tl(G)T tj (G) 

k 
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Theorem 2: 

The matrices (T(G)} form a representation for (T(G)} 
Proof: 


f(Gi)f(G 2 )<f>i 

T(GiG2)4>i 


Y. 4>kTki(GiG2) 


3 


^0 fc T fci (G 1 )T 7 ,;(G 2 ) 

jk 


Y <t>kTk j (Gi)T ji (G 2 ) 


Thus T(Gi)T(G* 2 ) = T(G\G 2 )- The functions {&} are said to form a ba¬ 
sis for a representation, which may be reducible. Evidently, if the subspace 
is irreducible under (T(G)}, then the representation is also irreducible. 
This simply follows from the fact that one always generates the entire sub¬ 
space starting from any function in the subspace. If the representation 
were reducible, then it would be possible to start from a function that does 
not generate the entire subspace, in which case the subspace is reducible. 
We now see the relevance of matrix representation theory studied in the 
previous chapter. Since the theorems were developed for arbitrary matrices, 
they are also applicable here. 


Theorem 3: 

A change of basis vectors ipj = J2i4>iSij corresponds to a similarity trans¬ 
formation of the original representation, which is an equivalent representa¬ 
tion. S is assumed to be unitary so that = Sij. 


T(G)(j) i 

T(G) V ^s-i 


£ 4>jTji{G) 

3 

££*sr/r^(G) 

3 k 


Proof: 
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Multiplying both sides by S un and summing over i yields 

T(G)i> m = Y.^ T 'km(G) 

k 

where T' km (G ) = J2ji S kj 1 Tj i (G)S irn (G) or T' = S^TS which is a simi¬ 
larity transformation. It is clear that the reverse is also true, i.e. a similarity 
transformation of the representation with a unitary matrix S corresponds 
to a unitary transformation of the basis vectors. 


3.5 Projection Operators 

It is possible to construct a projection operator P 13 such that given an arbi¬ 
trary function 0, P /3 -0 is a component of -0 in the irreducible subspace f3, 
i.e. transforms according to the irreducible representation f3. This is a 
very useful tool. In the following, we construct these projection operators. 

Suppose {0f} span an irreducible subspace transforming according to 
the irreducible representation a of (T(G)}. That is 

3 

Multiplying by T k *(G) and summing over G yields 

= EE ^(Gjr'tfG) 

G G 3 

Using the Orthogonality Theorem on the right side, we get 

Etu*(G)r(G)v>“ = E^WWVAo 

G j 

= (h/lp)8ii8 a pip% 

We define 

P l e l = (h/h)'£T 1 l l {G)f(G) 

G 

ttW = - 4”,C = « 


so that 


( 3 . 2 ) 



40 CHAPTER 3. GROUP THEORY IN QUANTUM MECHANICS 


Starting from a given function that belongs to the ith row of a given 
irreducible representation a, the projection operator can be used to gener¬ 
ate the other "partner functions” corresponding to the other rows. These 
functions form a basis for the irreducible representation a. 

Moreover, we can also define 

p° = Y.U 

i 

= (Mh)Ex^"(G)f(G) 

G 

so that 

Pfy? = (3.3) 

The projection operators allow us to decompose the space, in which the 
symmetry operators are defined, into irreducible subspaces. Any function 
0 can therefore be written as follows 

= ( 3 - 4 ) 

a i 

where 0f belongs to the ith row of the irreducible representation a. We 
note also that if <pf and 0“ belong to the ith row of the irreducible repre¬ 
sentation a, so does any linear combination a0“ + &0“. 

Suppose that a given representation T is reducible. Then there is a uni¬ 
tary matrix S such that V = S~ X TS = J2 a (Bm a T a has the block form 
and each block cannot be reduced any further, a labels the irreducible rep¬ 
resentation and m a tells us how many times the irreducible representation 
a appears in the reduction. We note that when m a > 1 the irreducible 
representations T“ are assumed to be the same. This can always be done 
by means of similarity transformations in each subspace which transforms 
according to the same irreducible representation a. The new basis vectors 
according to Theorem 3 are given by ipj = Y^i&Sij ar| d they may be la¬ 
belled according to the irreducible subspaces to which they belong. Any 
vector in Vs can therefore be expanded as follows: 

v = 

a,t,i 

= 

a,i 


(3.5) 



3.6. ORTHOGONALITY OF BASIS FUNCTIONS 


41 


where t labels the different possible subspaces transforming according to 
the same irreducible representation a, which is necessary when m a > 1, 
and i labels the basis functions in the subspace a,t. We have also defined 
vf = However, f(G)v‘j t is not necessarily equal to Y,jV®Tji(G) 

unless there is only one t. 


3.6 Orthogonality of Basis Functions 

Theorem 4: 

Two vectors belonging to two inequivalent irreducible representations must 
be orthogonal. If they transform according to the same irreducible repre¬ 
sentation, they are still orthogonal if they belong to different rows. 


Proof: 

Let </>" and ^ belong to the irreducible representations T a and respec¬ 
tively. Then 

r(G)C = £«t£(G) 

k 

T(G)<p? = £<J?i£(G) 

l 

Recalling that T is or may always be chosen to be unitary, we have 



(f(G)C, T(G)tf) 

Y.Tz:(G)T? 1 (Gm,U) 


(l/MEE r S*(G)?y(G)(C4’) 

G kl 


(1 /QSapSijY'ttki'I’k) 

k 


3.7 Examples 

As an example, we consider the group D 3 which is the group of permu¬ 
tations of three objects. The elements are e = unit element, ci,C 2 = 
anticlockwise rotations about the z—axis by 2ir/3 and 47 t/ 3 respectively, 
and g?!, (f 2 , g ?3 = rotations by n about axes lebelled 1,2,3 in Figure 3.1. 
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The classes are C e = e, C c = (ci,c 2 ), and C d = (di,d 2 ,d 3 ). We choose 
a set of basis vectors or functions in order to form a representation for the 
group elements. The choice is arbitrary. 

1. The first obvious choice is the three Cartesian unit vectors e x ,e y ,e z 
as shown in the figure. Let us see how they transform under the 
group operations. 



^X 

e y 


T(e) 

^X 

e y 

e z 

T( ci) 

_I e +W 

2* S X T 2 W 

~^ 2 ~ e x ~ 2 e y 

e z 

f( c 2 ) 

_I e - 

2 x 2 y 

~ 2 e y 

e z 

T(d 1 ) 


e y 

~e z 

T(d 2 ) 

ig _J_ Ag 

\/ 3 P _ 1 p 

2 c x 2 y 

~e z 

T(d 3 ) 

IT! _ vffp 

2 x 2 y 

_Ci p _ i p 

2 x 2 v 

~e z 


We see that applying the group operations on e x or e y generate 
an invariant subspace (e x ,e y ) whereas e z forms an invariant sub¬ 
space by itself. The set of Cartesian unit vectors (e^, e y , e~) do form 
a basis for the representation of the group. The matrices can be 
calculated by using the definition Tij(G) = 


Tie) = 


T(c 2 ) = 


T(d 2 ) = 


0 

°\ 

(A 

V3 

2 


1 

° 

T(ci) = f 

1 

2 

0 

0 

1 / 

V o 

0 

l) 



T{dQ = 


T(<k) = - 



The characters are x(C e ) = 3, x(C' c ) = 0, and x(Cd) — — 1- As can 
be seen, the 3x3 representation is reducible into a 2 x 2 and a 1 x 1 



3.7. EXAMPLES 


43 


representations. The lxl representation is obviously irreducible, but 
it may be possible to further reduce the 2x2 representation. We 
recall that the character of a given representation can be written as 
X = J2a m aX a ar| d by using the first orthonormality relation between 
characters the coefficients m a can be calculated as follows: 

m a ^WN k X a \C k ) X {C k ) 

n k 

For convenience, we reproduce the character table of the group D 3 . 



C e 

2 C c 

3 C d 

T 1 

1 

1 

1 

T 2 

1 

1 

-1 

T 3 

2 

-1 

0 


Thus 

m 1 = hi -1 -3 + 2-1 -0 + 3-1- (-1)1 = 0 

m 2 = hi -1 -3 + 2-1 -0 + 3 • (-1) -(-1) = 1 
o 

m 3 = ^[1 • 2 • 3 + 2 • (—1) • 0 + 3 • 0 • (—1) = 1 
o 

Hence the representation breaks up into T = T 2 © T 3 and therefore 
(e x ,ej,) do form an irreducible subspace for the representation T 3 . 
We could have arrived at this conclusion simply by calculating the 
characters of the 2x2 representation which are x(C' e ) = 2, x((7 c ) = 
— 1, and xiPd) = 0 and which agree with the characters of the T 3 
representation. 

2. As a second example, we consider the same group but we choose a 
basis which consists of functions rather than the Cartesian vectors. 
We can take an arbitrary function, say x 2 , and generate an invariant 
subspace from it. We construct an orthonormal basis that spans this 
subspace and we form the representation for the group. We then use 
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the projection operator method to figure out which functions belong 
to a given irreducible subspace. 

What we need to know is how x transforms under the group op¬ 
erations. We have defined T(G)/( r) = /(G _1 r), i.e. T(G)x = 
T(G)(e x ■ r) = (e x • G' 1 r) = ( Ge x • r). Thus x,y and z transform 
like the Cartesian vectors e x , e y , and e z and we have 


T(e)x 2 = 

x 2 





f( Cl )x 2 = 

(—^x 
v 2 


_ 1 2 
4 X 

3 2 
+ 4 9 

Vs 

■ -Y xy 

T(c 2 )x 2 = 

, 1 
( “2 X 


1 2 
= 4 X 

3 2 

+ U 

Vs 

+ ~Y*y 

T(d 1 )x 2 = 

(-x) 2 

= x 2 




T(d 2 )x 2 = 

A 

( 2 X + 

v/3 .2 
-YV) = 

1 2 
4 X + 


Vs 

-Y xy 

T(d 3 )x 2 = 


\ 2 

—y) = 

1 2 

-X + 

3 2 
4 V ~ 

Vs 

~Y xy 


These six functions form an invariant subspace for D 3 but all of them 
can be written as linear combinations of only three distinct functions 
Xi = x 2 , Xi — y 2 ’ an d X3 — xy. Evidently none of these three 
functions can be written as a linear combination of the other two so 
that they are linearly independent and form a basis for the invariant 
subspace, although they are neither orthogonal nor normalised. 

We now use the Gramm-Schmidt orthogonalisation procedure to con¬ 
struct a set of orthonormal basis needed to construct a unitary repre¬ 
sentation for the group. We can start with any of the three functions 
or any linear combination of them. Let us start with xi — x 2 which 
we normalise inside a unit sphere so that 

p 1 riz r2n 

|d| 2 (xi, Xi) = / dr r 2 / dOsin 6 d</> x*Xi = 1 

Jo Jo Jo 

which gives A = \J 35/47T. The normalised function is then 

0i = Ax 2 



3.7. EXAMPLES 


45 


The second function is constructed by using 0 2 
which yields after normalisation 


= A 


2V2 


(3 y 


2 2 \ 
X ) 


X2 - 01 (01 j X 2 ) 


The function xy is already orthogonal to both x 2 and y 2 due to 
antysymmetry so that the third orthonormalised function is 


03 = A\f?xxy 


To construct the representation matrices, we need to know how these 
basis functions transform into one another under the group opera¬ 
tions. 



01 

02 

03 

T(e) 

01 

02 

03 

T(d) 

301 + 72^ 2 ~~ 303 

73(01 + 03) 

30 1 ~ 72^2 - |03 

L C 2 ) 

301 + 71^2 + |03 

co 

-e- 

1 

hI 

+ 73^2 - |03 

T(di) 

01 

02 

03 

T(d 2 ) 

301 + 75^2 + |03 

co 

-e- 

1 

301 _ 7302 + 303 

T(d 3 ) 

301 + TS^ 2 - |03 

73(01 + 03) 

-30i + 7302 + 30s 


The matrix representations can be easily obtained and these are 


T(e) = 


n <*) = 73 


m) = is 



T(c ■) = 


2 

1 

73 

_ 1 

2 


2 

1 

'72 

1 

2 


/ 1 
1 

72 

_ 1 

2 


1 

72 

0 

1 

72 


I \ 

1 

'72 
_ 1 

2 


\ 

/I 

0 

0 \ 

T(rfi) = 

° 

1 

0 

) 

\o 

0 -1J 


\ 

( 5 

1 

73 

~k\ 

T(d 3 ) = 

) 

1 

73 

1-3 

0 

1 

73 

1 

73 

3 ) 
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Unlike the previous example, these matrices are not in block form but 
we know that they are reducible because there is no three dimensional 
representation of D 3 . Let us figure out which irreducible representations 
are contained in these matrices by using the same formula as in the pre¬ 
vious example. The reducible characters are x(C e ) = 3, x(G c ) — 0, and 
x(C d ) = 1. We get 

mi = ^[1-1-3 + 2-1-0 + 3-1-11 = 1 
6 

m 2 = ^ [1 - 1 - 3 + 2 - 1 - 0 + 3 - (—1) • 1] = 0 
6 

m 3 = hi -2-3 + 2 • (-1) • 0 + 3-0- 1] = 1 
6 

Hence the representation breaks up into T = T 1 ©T 3 . 

Since the representation contains an identity representation, it must be 
possible to construct a linear combination of <p 3 , 0 2 , and <p 3 such that it 
is invariant under the group operations. We do this in a systematic way 
using the projection operator method. The projection operator is given by 

P a = J fJ2x Q *(G)T(G) 
n G 

which when applied to an arbitrary function gives the component of the 
function in the irreducible subspace a. Let us apply P 1 to 0i, </> 2 , and 0 3 : 

P 1 ( t > 1 = ^ 01 + (^01 + - ^ 03 ) + (^01 + ^|02 + ^ 0 3 ) 

+01 + (^01 + ^|02 + ^ 03 ) + (^01 + ^|02 - ^ 0 3 ) 

= ^(^ 01 + 0 2 ) 

P l <t> 2 = ^ 02 + (^(01 + 03)) + (^(01 -03)) 

+02 + (^(01 - 03 )) + (^(01 + 03 )) 
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1 

3 


( 020 ! + 4*2) 


PV 3 = 0 


The linear combination (020 1 + 02003 transforms according to the iden¬ 
tity representation. The component of <p\ in the third irreducible subspace 
is given by 


pi 


20 1 — 00i + 


'2^ ' 02 

020 2 ) 

Thus we may choose a new basis 


= 


\<h) - 0< 


+ + \<h) 


01 

02 

03 


—^=(a/2 0! + 02 ) 

-^(01 - 020 2 ) 

03 


which brings the representation into block form with ipi transforming ac¬ 
cording to the identity representation T 1 and (02,03) transforming accord¬ 
ing to the irreducible representation T 3 . The new basis may be written as 
0j = J2j 4>jSji where S is the unitary matrix that reduces the representa¬ 
tion into block form which is given by 


S = 




(0 

0 

1 / 


3.8 Relationship to Quantum Mechanics 

A basic problem in quantum mechanics is finding the eigenvectors and 
eigenvalues of a Hamiltonian H. A general procedure is to calculate the 
Hamiltonian matrix in an arbitrary basis and diagonalise it, but in most 
cases, this procedure is too difficult to carry out. Instead one tries to find 
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a basis in which the off diagonal elements of H are small or zero so that 
they can be neglected or treated perturbatively. It is here that the study 
of the symmetry of the Hamiltonian is of great value because group theory 
can tell us which matrix elements are zero and how the matrix elements 
are related to one another. The results are exact and depend only on the 
symmetry of the systems and not on the particular form of interactions or 
potentials. 


3.8.1 The Group of the Schrodinger Equation 

If {G} is a set of all symmetry transformations of a Hamiltonian, H, then 
according to Theorem 1 the associated symmetry operators (T(G)} form 
a group which is called the group of the Schrodinger equation or in short 
the Schrodinger group. 

Theorem 5: 

Each element of the Schrodinger group commutes with the Hamiltonian. 
Moreover, if -0(r) is an eigenvector of H, then T(G)ip( r) = ?/>(G _1 r) is 
also an eigenvector of H with the same eigenvalue. 


Proof: 

By definition 

T(G)H( r) = HiG-'r) = H( r) 

Let us investigate the consequences of this symmetry by considering the 
effect of T(G) on Hip( r) where if) is an arbitrary function . 


T(G)H( r)^(r) 


f(G)H(r)-H(r)T(G) ip(r) 


H{G- l r)^{G~A) 

H(r)T(G)ip(r) 

0 


Since ^(r) is arbitrary, [T,H] = 0. The second part of the theorem follows 
directly from this result: 


H(t)T(G)tP(t) = T{G)H{ r)^(r) = eT(G)V>( r) 
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3.8.2 Degeneracy and Invariant Subspace 

The implication of Theorem 5 is that a degenerate set of eigenfunctions 
of H form an invariant subspace under the symmetry operations of the 
Schrodinger group and therefore form a basis for a representation of the 
group. Let {^j} be a set of degenerate eigenfunctions with energy e. Since 
T(G)'tpi( r) = il)i(G~ l r) is also an eigenfunction with the same energy e, it 
must be possible to expand T(G)ipi( r) as a linear combination of {^j}: 

3 

The matrices (T(G)} form a representation for the Schrodinger group. 

The representation is normally irreducible but if it is reducible, then 
there are two possibilities: 

1. There is an accidental degeneracy so that the subspace can be broken 
up into two or more irreducible subspaces. A vector in one irreducible 
subspace evidently cannot be brought into another irreducible sub¬ 
space by the symmetry operators. 

2. The group is a subgroup of a larger group. 

In practice, accidental degeneracies my be lifted up by varying parameters 
in the Hamiltonian without changing the symmetry of it. If the subspace 
is irreducible, the degeneracy is termed "normal”. 

Assuming that there is no accidental degeneracy, each degenerate set 
of eigenfunctions of H form a basis for an irreducible representation of 
the Schrodinger group. We may label each eigenfunction by the row and 
the irreducible representation to which it belongs. In this sense, the row 
index and the irreducible representation provide "quantum numbers”. The 
degeneracy is simply given by the dimensionality of the irreducible repre¬ 
sentation. Thus by knowing the symmetry of the Hamiltonian, we can tell 
the degrees of degeneracy possible in any problem. It follows that these de¬ 
generacies can only be broken by a perturbation if it has a lower symmetry 
than the unperturbed Hamiltonian. Moreover, by knowing the symmetry 
of the perturbation, we can also tell how the degeneracies are split. 
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3.8.3 Partial Diagonalisation of H 

Theorem 6: 

The matrix element (0f, Hipj) is zero unless a = j3 and i — j. 

Proof: 

= ( f(G)4>t,HT(G)tf) 

= E T a UG)T[‘(G)(r k ,H^) 

kl 

= jEEn,(c)rs(c)W,/frf) 

n G kl 

= ~r SkibijKp^ki Hi>i) 

C ki 

= j L s a pSij'52(<f>k,Hii>Z) 
c k 

This result is very useful because by choosing basis functions with the 
appropriate symmetry, the Hamiltonian is partially diagonalised with very 
little effort. Also, ' s independent off. This is a special case of 

the so called Wigner-Eckart theorem discussed later. 

3.9 Irreducible Sets of Operators 

We have studied the concept of irreducible subspace formed by a set of 
functions which transform among themselves under the group operations. 
A similar concept may be extended to operators and we define an irreducible 
set of operators Of by the closure property 

Of = T(G)dfT _1 (G) = ^ OfTf(G') (3.6) 

j 

Thus the irreducible set of operators Of transform among themselves under 
the irreducible representation T a . The number of operators in such a set 
is equal to the dimension l a of the irreducible representation. An example 
of an irreducible set of operators is given by the momentum operators p x , 
p y , and p z under rotation. 
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3.10 Direct Product Representations of a 
Group 

The direct product of an n x n matrix A and and m x m matrix B is 
defined by 

{A ® = AjjBjiji (3.7) 

{A ® B ) is an ( mn x mn ) matrix and it is not the same as a matrix mul¬ 
tiplication of A and B. 

Theorem 7: 

If T a and T /3 are two representations of a group, then T a ®P = T a ®T i3 is 
also a representation of the group. 

Proof: 

[T“^(G,)r“®«(G 2 )K,j/ = ET”,%(G 1 )7S®^,(G 2 ) 

kk' 

= E IS(Gi)I^(Gi)IS(G 2 )^(G 2 ) 

kk’ 

= 7)“(G 1 G' 2 )^,(G 1 G' 2 ) 

_ rpa®/3 / \ 


Theorem 8: 

The character of a direct product representation T alg)/3 is the product of 
the characters of T a and T' 3 . 


y,Oi®(3 __ \ A rr\a(&(3 

cC / ^ ^ ii',ii' 

a' 

_ \ ' rparpP 

/ ^ ^ ii ^ i'i' 
ii' 

= xV 


Proof: 
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Theorem 9: 

If transform according to the representation T“ and {ipj} transform 
according to the representation T&, then transform according to 

the direct product representation T a ®P. 

Proof: 


T(GW’fij) 


EEffi (g)*X(g) 

k l 


E(W?)nt« 


In general, the direct product representation is reducible even when the 
two constituent representations are irreducible. There is a unitary matrix 
U, independent of the group elements, which transforms T a ®P into a block 
form: 


E 


U .iv 


TT t 
j-L i 


jmk,ij-L ^ 


O'y'yi 5mm 1 


T 1 7 


(3.8) 


The label m distinguishes blocks with the same irreducible representation. 
Thus, we may write 

T am3 = Y ©m 7 T 7 (3.9) 

7 


7 labels the irreducible representations and the coefficients m 7 , which tells 
us the number of times the irreducible representation 7 occurs in the de¬ 
composition, can be calculated using the first orthogonality relation of the 
characters 


x a®p = Ym^x 7 

7 

X a X 13 = E m 7X 7 

7 

m 7 = (1 /^YNkX^CQx^CQx^iCk) 

k 
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3.11 Clebsch-Gordan Coefficients 

Since the set of product functions transform according to the prod¬ 

uct representation T a ®@ which is in general reducible, evidently the space 
formed by the product functions are also reducible and the product func¬ 
tions may then be projected into these irreducible subspaces: 

'ym 

where F^m) belongs to the irreducible subspace 7 . The label m distin¬ 
guishes functions with the same 7 which is necessary only when m 7 > 1 
in the decomposition of the product representation. In other words, there 
may be more than one subspace which transform according to the same 
irreducible representation ■ Fij(m) itself may be expanded in an orthogonal 
basis which spans the irreducible subspace 7 : 

k 

and therefore 

CVf = E E M ( 3 - 10 ) 

7 ™ k 

The coefficients C are called the Clebsch-Gordan coefficients and they 
depend on a and (3. 

Apart from a possible phase factor, the Clebsch-Gordan coefficients are 
actually identical to the unitary matrix U defined in the previous section. To 
see this, we consider how the state \l/^(m) = J2ij k transform 

under a group symmetry operation: 

i'j'k' 

= Y.n.(m)TZ k 

k’ 

We have used Eq. ( 3.8) in the second step. Thus the states ^(m) 
transform according to the irreducible representation 7 . We may also write 

= E (3.11) 

m 
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which shows that the Clebsch-Gordan coefficients are identical to the uni¬ 
tary matrix U, apart from a phase factor. By convention, they are nor¬ 
malised as follows: 

£|CJ t (m)| 2 = l (3.12) 

ij 

Since C is unitary, it satisfies the following relations 

ij 

7/cm 

3.12 The Wigner-Eckart Theorem 

In physics, we are often faced with a problem of calculating matrix elements 
of an operator O between two states 0 and 0: (0,00). In practice, the 
calculation of matrix elements can be very complicated and we would like 
to study if group theory can help us in simplifying this problem. 

First of all, from previous sections, we know that an arbitrary function 
belonging to a linear space L which transforms into itself under group 
operations can be projected into the different irreducible components of 
the group. Consequently, we need only consider matrix elements of the 
type: 

(A 7 , of//) 

We study the transformation of the function 0jj = Off? under a group 
symmetry operation: 

T(G)A, = f(G)d“ff 

= [T(G)d«f-\G)] T(G)]f 
= ^ok(g) E/iKyc) 

k m 

km 

The new function -0^- may then be completely expanded into its irreducible 
components as in Eq. ( 3.11): 

7 'k'm 
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The matrix element is then given by 

(11 Alt) = £UZ,*£(n»))C2U(m) 

7 'k'm 

m 

The significance of the above result is that the Clebsch-Gordan coefficients 
Cfcij(rn) are obtained entirely from symmetry and they do not depend on 
the details of the potential of the system. Information about the details 
of the system is contained in the matrix elements which do 

not depend on i and j. In fact, it does not depend on k as shown in 
section 3.6. These matrix elements are often referred to as reduced matrix 
elements and they are written as 

emphasising the fact that the reduced matrix elements are independent of 
i, j, and k. Thus we have 

(11 Alt) = Y.(PA\\lAcid m ) < 3 - 13 ) 

m 

This is known as the Wigner-Eckart theorem which tells us that the matrix 
element (ff, Offf) is zero unless the product representation T a(g)/3 contains 
the irreducible representation 7 . This is a general form of selection rules. 
The Clebsch-Gordan coefficients relate the matrix elements for a given a, 
P, and 7 but with different i, j, and k to one another. 

We can see that theorem 6 follows immediately from the Wigner-Eckart 
theorem because the Hamiltonian is an invariant under the group symmetry 
operations, i.e. T{G)HT~ l {G ) = H, so that H transforms according to 
the identity representation. 


3.13 Applications 

We list a few of the common applications of group theory. 

1. Selection rules: As an example we consider optical transitions in a 
molecule which has a D 3 symmetry. This could correspond to a 
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molecule with three identical atoms at the corners of a triangle. Ac¬ 
tually, the full symmetry is higher than D 3 but as an illustration it 
is sufficient to consider the D 3 symmetry. Optical transitions are 
governed by dipole operators x, y, and z which transform like the 
three Cartesian unit vectors. The groundstate of the molecule may 
be assumed to be non-degenerate and symmetric so that it trans¬ 
forms according to the identity representation. From the previous 
example, the dipole operators transform according to the represen¬ 
tation T = T 2 © T 3 and therefore the final states can only be those 
which transform according to (T 2 © T 3 ) © T 1 = T' 2 © T 3 . 

2. Symmetry breaking: In the above example, we know from symmetry 
alone that the eigenfunctions can only be at most doubly degener¬ 
ate. If we replace one of the atoms by a different atom so that the 
symmetry becomes C 2 , then this degeneracy, if it exists, must split 
into two non-degenerate levels because C 2 is an Abelian group and 
the irreducible representations are one dimensional. The actual re¬ 
duction can be figured out straightforwardly using the orthogonality 
relation between the characters. The ordering of the energy levels, 
however, cannot be determined by group theory alone. 

3. Variational principle: We are often interested in finding the ground- 
state of a given Hamiltonian which usually cannot be solved analyti¬ 
cally. One method of obtaining an approximate groundstate is based 
on variational principle. We start with some basis functions {&} and 
approximate the true groundstate T as a linear combination of these 
functions. 

T = ^ c4i 
i 

From the variational principle, the energy expectation value < E >= 
('I >,Hty) > E q , where E 0 is the true groundstate energy. The co¬ 
efficients {cy} are determined by minimising < E > subject to the 
condition (T, T) = 1: 

= iL Y. c *MpH ( t ) k)ck- *J2 c j c J 

U < l jk j 

^ ^ HifcCk A c% 0 

k 


Y [< E > -A(<K, *)] 
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which is just an eigenvalue problem. 

From Theorem 6, it is clear that we should sort out the basis func¬ 
tions, using the projection operator method for example, according 
to the rows and irreducible representations {0" m } where m labels 
different possible subspaces transforming according to the same ir¬ 
reducible representation a. It is only necessary to express the trial 
function as follows: ^ When m = 1, the Hamilto¬ 

nian is already diagonal and when m > 1, we need only diagonalise 
an m x m matrix instead of an l x l matrix where / = J2ami 1. which 
is usually much larger than m. 

4. Degenerate perturbation theory: In many cases, the Hamiltonian 
may be broken up into two terms H = H 0 + Hi such that Hi may 
be treated as a small perturbation to H 0 . H 0 usually has a higher 
symmetry than Hi. A typical example of this is an atom placed in a 
crystal where the crystal field symmetry is lower than the rotational 
symmetry of the atom. If the eigenfunctions of H 0 are degenerate, we 
may use the variational principle to calculate the energy shifts. The 
eigenfunction of H is approximated as a linear combination of the 
degenerate eigenfunctions of H 0 . This leads to an eigenvalue problem 
for Hi and the eigenvalues give the first order shifts. As before, we 
should sort out the degenerate eigenfunctions of H 0 according to the 
rows and irreducible representations of the symmetry group of Hi in 
order to minimise the size of the matrix to be diagonalised. 


3.14 Examples 

1. Bloch Theorem: A lattice is a parallelepiped formed by three linearly 
independent vectors a 1; a 2 , a 3 . A set of vectors t = rii a 3 + n 2 a 2 + 
n 3 a 3 for all possible integers ni, n 2 , n 3 generate lattice points which 
together with the associated lattices form a crystal. The set t = {t} 
clearly form a group under vector addition and the group is Abelian. 
In fact, it is a direct product of three groups 


t — ti <g) t 2 <g> t 3 
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where t\ = { 71 ^}, t 2 = {n 2 a 2 }, and t 3 = {n 3 a 3 }. It is customary 
to have a periodic boundary condition such that 

f(iV 1 a 1 )^(r) = ^(r + N&i) = ^(r) T(iV 1 a 1 ) = f(0) = 1 


Similarly for the other two groups. N { is taken to be infinite at the 
end. The groups ti, t 2 , and f 3 become cyclic and the irreducible 
representations are given by e* 27rfc '/' V| , k\ = 1, 2, ..., N\, and their 
powers. It is useful at this stage to introduce the concept of reciprocal 
space defined by 


gi 

g 2 

g 3 


2vr- 


2tt 


2vr 


a 2 x a 3 

a 3 ■ a 2 x a 3 

a 3 x a 3 

a 3 ■ a 2 x a 3 
ai x a 2 
a 3 ■ a 2 x a 3 


so that 


g; ■ a j = 2 ndij 

With this definition, the direct product representations can be written 


T k (t) = e* kt 


where k = (/c 1 /iV 1 )g 1 + (/c 2 /iV 2 )g 2 + ( k 3 /N 3 )g 3 . It follows that the 
eigenfunctions of a Hamiltonian with translational lattice symmetry 
form basis functions for the irreducible representations of the group 
of translations and they may be labelled by the irreducible represen¬ 
tations k. This means 

T(t)i; k (r) = ifj k ( r + t) = '0 k ( r ) e * k 1 

which is the Bloch theorem. 


2. Normal modes (chapter 6 of Elliot and Dawber): When the atoms 
in a molecule are displaced from their equilibrium positions, the po¬ 
tential energy will increase. If the atoms are let free, there will be 
an interchange between potential and kinetic energies resulting in 
vibrations. These vibrations may be thought of as being composed 
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of eigen modes or normal modes, each with a well defined frequency, 
in the same way that a wavefunction can be decomposed into a 
sum of eigenstates with well defined energies. The eigen modes may 
be classified according to the irreducible representations of the sym¬ 
metry group of the molecule, just like the the eigenstates of the 
Hamiltonian. 

The potential energy for arbitrary displacements of N atoms in a 
molecule is given by 


V = V n 


^dV 


£ 


d 2 V 

dq,dq :i 


-QiQj 


The sums run from 1 to 3N. At equilibrium, dV/dqi = 0 so that 
the Hamiltonian for molecular vibrations is given by 

H = E r 4 2 + E \ B iim 

i ij 

where Bij = d 2 V/dqidqj. It is conventional to absorb the masses 
into the displacement coordinates by defining 

ati = \ .\Lq;. Dij = Bij/yjMiMj 

The Hamiltonian becomes 

H = 2+ E 

i ij 

The matrix D is known as the dynamical matrix. 

We can now introduce a 3 N dimensional abstract space with or¬ 
thonormal basis vectors {e,}. The 3N displacements of atoms in 
real space may be mapped into a vector in the 3 N dimensional ab¬ 
stract space: 

(Ql,Q 2 , • • • , <?3jv) -»• q = E e i a i 

i 

The unit vector e, : corresponds to a displacement q t = 1 /yfM/ in real 
space but we note that e, : itself is not a displacement in real space 
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but rather a displacement in the abstract space. We may define an 
operator D in the abstract space so that 

v(q) = ^(q,-Dq) 

= — oiiOi-j (e*, Dbj) 

ij 

which implies 

Dij ' O l)v . ! ' l)v ; ^ ' ^iDij 

i 

We would like to transform the Hamiltonian into the form H = ^ hi 
so that the eigenvenctors of H can be written as a product of the 
eigenvectors of h. This can be done by a unitary transformation 

u/e — ] &iQjik 

i 

An arbitrary vector q may be written as 

Q ^ ^ ^ ^ H kQk ^ ^ Qi&ikQk * ^ ^ ^ikQk 

i k ki k 

By choosing u?j to be an eigenvector of D, i.e. D or 
J2j Dijdjk = oUkCiik' the Hamiltonian becomes 

H = 2^1 + 2 ° Jk ^ 

k L J 

which is the desired form. Quantum mechanically, we replace Ql 
with —<9 2 /<9 Ql and the solutions to h = —d 2 jdQ\ + are 

f/^n(fc) AH n (j^ (^/uJ k Q k )exp( ^kQk/ 2) 

1 

e n (k) = ( n(k ) + -)u k 

We have set the Planck constant h/2it = 1. 

So far we have not made any use of group theory and in principle we 
can calculate the dynamical matrix D and diagonalise it to obtain 
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the normal modes and the corresponding eigen frequencies. The 
diagonalisation of D is greatly simplified by using group theory. The 
eigen frequencies, however, cannot be obtained from group theory 
alone because they depend on the strength of the potential. By 
definition, we have 

[T(G),D]= 0 

for all G and it immediately follows from Theorem 5 that the degen¬ 
erate eigenvectors of D (normal modes) form basis vectors for the 
irreducible representations of the group. 

The 3 N dimensional space forms a 31V x 3 N representation which 
is in general reducible: 


x 3A = ™ 7 X 7 

7 

To calculate X 3N , we first write the basis vector as e*(i2), i = x,y, z, 
R = 1,2,..., N, which corresponds to a displacement of atom R 
along the 1-axis. The effect of the symmetry operation on the basis 
vector is given by 


T(G)e,(R) ='£ei(R')T‘? R (G) 
R'i 


The character is given by 

x 3N = Et« r = n rX v 

Ri 

where N R is the number of atoms unmoved by the symmetry oper¬ 
ation T(G) and X v is the character of the three dimensional vector 
representation. This result can be understood by observing that when 
T(G) moves atom R to atom R', J2iT RR = 0. When atom R is 
not moved, then J2iT RR = X v . 

As an example, we consider a molecule with D 3 symmetry (three 
atoms at the corners of an equilateral triangle). We have already 
worked out the characters for the vector representation X v and they 
are given by X v (C e ) = 3, X v (C c ) = 0, and X v (C d ) = -1. Thus 
X 3N (C e ) = 3-3 = 9, X 3N (C c ) = 0, and X 3N (C d ) = 1 • (-1) = 
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— 1. It is then straightforward to decompose x 3N into the different 
irreducible components using the character table of D 3 . We get 

mi = ^(1 • 1 -9 + 2-1 -0 + 3- 1 - (—1)) = 1 
6 

m 2 = ^(1-1-9 + 2-1-0 + 3- (—1) • (—1)) = 2 
6 

m 3 = hi -2 -9 + 2 -(-1) -0 + 3-0 • (-1)) =3 
6 

There are three non-degenerate modes and three doubly degenerate 
modes. Actually, six of them correspond to rigid motions, i.e. there is 
no relative motion between the atoms. The significance of classifying 
the vibrations into normal modes is that when calculating absorption 
or emission spectra it is possible to figure out which modes are al¬ 
lowed in the absorption process. The simplest absorption processes 
are caused by electric dipole transitions from the groundstate to some 
vibrational excited states. The groundstate usually tranforms accord¬ 
ing to the identity representation and the dipole operators transform 
according to the vector representation. Thus the modes allowed are 
given by those corresponding to the irreducible representations oc- 
curing in the decomposition of the vector representation. In more 
complicated absorption processes, there are intermediate states in¬ 
volved. In this case the dominant operators are of the form xy, yz, 
zx, x 2 , y 2 , and z 2 (Raman spectra). These are in fact products of 
x, y, and z, i.e. they transform according to the product of the 
vector representations which can be decomposed into the irreducible 
components. Care, however, has to be taken due to the fact that 
the product functions are not linearly independent. See chapter 6 of 
Elliot and Dawber for more examples and details. 



Chapter 4 
Lie Groups 


4.1 Definitions 

So far we have considered groups with a finite number of elements. In 
this Chapter, we will study the so called continuous groups in which the 
elements G are defined uniquely by a set of n independent continuous 
real parameters a = (o i, a 2 ,..., a n ) so that G( a) 7 ^ G(b) unless a = b. 
The number n is called the dimension of the group. Such groups have an 
infinite number of elements. The elements of a continuous group satisfy 
the multiplication law: 

G(a)G(b) = G(c) (4.1) 

This means that operating a group element G(b) followed by G( a) has 
the same effect as operating a group element G(c) represented by a set of 
parameters c. c must be a function of the paramaters a and b: 

c = F(a. b) (4.2) 

and we may write the multiplication law as: 

G(a)G(b) = G(F(a,b)) (4.3) 

As a convention, a = 0 is chosen to represent the unit element: 

G(0) = 1 (4.4) 

With this definition, it follows from Eqs. ( 4.1) and ( 4.2) that 

F(a, 0) = a ; F(0, b) = b ; F(0, 0) = 0 (4.5) 
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AAA = WMl = ! ( 4 . 6 ) 

da oh 

In addition, every element must have an inverse i.e. for a given set of 
parameters a, there is a set of parameters q such that 

G(a)G(q) = G(q)G(a) = G( 0) = 1 (4.7) 

The functions F(a,b) are assumed to be analytic functions of the pa¬ 
rameters a and b, and this kind of group is called a Lie-group. 


4.2 Infinitesimal Operators 

An important concept in continuous groups is the concept of infinitesimal 
operators which are obtained by considering group elements near the unit 
element i.e. elements with small a: 


Cr(a) = 1 + X • a + ... 


(4.8) 


Xi = 


dG 

daj 


a=0 


(4.9) 


The set of operators X = (X 1 ,X 2 ,... ,X n ) are called the infinitesimal 
operators, or generators, which are independent of the parameters a. It 
will be shown below that every group element may be expressed in terms 
of the infinitesimal operators so that the study of continuous groups may 
be restricted in most cases to the study of these infinitesimal operators. 

For small a and b we have 


F(a,b) 


F(a, 0) + 


<9F(0, 0) 

dh 


a + b 


• b 


using Eq. ( 4.6). As a convention, a dot denotes a dot product or a 
summation over the lower and upper vectors. This implies that 


G(a)G(b) = G(F(a, b)) = G{ a + b) 
G(b)G(a) = G(F(b. a)) = G(h + a) 
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i.e. the group elements are commutative in the vicinity of the unit element. 

To relate the group elements and the infinitesimal operators, we study 
the product G(a)G(b) for an arbitrary a but small b. To simplify the 
writing, we define a matrix 


M(a) 


(9F(a, 0) = dFi(a, 0) 

Oh ^ ’ dbj 


(4.10) 


and a convention that a dot on the left of M means a summation over the 
rows whereas a dot on the right means a summation over the columns. 


G(a)G(b) = G(F(a,b)) 

= G(F(a,0) + M(a)-b) 

= G(a + M(a) • b) 

= G(a) + • M(a) • b 

da 

On the other hand 


G(a)G(b) = G(a)[l + X • b] 

so that 

G(a)X-b = . M(a) • b 

da 

Since b are arbitrary and independent parameters, it must be that 

G(a)X = • M(a) (4.11) 

da 

This equation relates the group element and its derivative at a to the 
infinitesimal operators X. 

We now try to find an explicit expression relating G( a) to X. Let 
u = (wi, U 2 , ■ ■ ■, u n ) be a unit vector (u • u = 1) in the parameter space 
and let us project Eq. ( 4.11) along this unit vector: 

G(a)X • u = . M(a) • u (4.12) 

da 

We define a curve in the parameter space by the following equation 

da(t) 


dt 


M(a) • u 


(4.13) 
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with boundary condition a(0) = 0. The direction of this curve at t — 0 is 
along the unit vector u because M(0) = = 1. Using Eq. ( 4.13) 

in ( 4.12) yields 

G(a)X-u = am.'L 
J da dt 

dG( a) 

dt 

which can be formally solved to give 

G(a(t)) = e tXu (4.14) 

Thus, the group elements at finite parameters a can be obtained from 
the infinitesimal operators X. The global properties of Lie groups are 
determined by the infinitesimal operators X which are independent of the 
parameters a. We have made an assumption, however, that every point a 
in the parameter space can be reached by the curve defined in Eq. ( 4.13), 
by starting along an appropriate direction u from the origin. 


4.3 Lie Algebra 


The infinitesimal operators satisfy commutation relations and to find these 
relations, we differentiate Eq. ( 4.11) with respect to a parameter a* for 
each component j: 

dG(a) _ ^ Td 2 G(a) dF k ( a, 0) dG(a) d 2 F k ( a, 0)' 

dai 3 ^ ddidcik dbj ddk ddidbj 


Evaluating this expression for a = 0, we get 


XiXj 


a 2 G(o) v a 2 F t (o,o) 

ddtddj ^ k ddidbj 


Interchanging i j and taking the difference, we get 

[x i ,x j \ = Y: x k 4 

k 


(4.15) 
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where 

t a 2 F t (o,o) a 2 F k ( o,o) 

» datdtj da s db, 1 ' 1 

We see that the infinitesimal operators possess a closure property under 
commutation. Operators possessing this property are said to form an al¬ 
gebra and for Lie groups it is called Lie algebra. For every Lie group there 
is a corresponding Lie algebra. 

The coefficients are called the structure constants and they are 
purely determined by the functions F(a,b) which means that they are 

independent of any particular representation of the group. 

The structure constants are antisymmetric in the lower indices: 

4 = -4 (4-17) 

We can construct symmetric and anti-symmetric quantities from the struc¬ 
ture constants. By summing over products of two structure constants, we 
obtain symmetric matrices 


9ij = Y, c ii cl jk = 9ji ( 4 - 18 ) 

kl 

Summing over products of these matrices and the structure constants yields 

Q'ijk Y.9imC jk (4.19) 

m 


which are anti-symmetric with respect to an interchange of two indices. 
This is because we have the following relation 


X! Af^Vk + cl jk 



0 


(4.20) 


which follows from the Jacobi identity 


[[A,B],C\ + [[B,C\,A] + [[C,A],B] = 0 


In this way, we can continue forming symmetric and antisymmetric quan¬ 
tities from the structure constants. 
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4.4 Casimir Operators 

To construct the irreducible representations of a continuous group, it will 
be useful to have some operators which commute with all of the infinitesi¬ 
mal operators. The degenerate eigenfunctions of these operators may then 
be used as basis functions for the irreducible representations because they 
transform among themselves under group operations. We recall from Chap¬ 
ter 3 that when [T(G), H] = 0, the sets of degenerate eigenfunctions of H 
form basis sets for the irreducible representations of the group (assuming 
we have the full group, not a subgroup of a larger group). 

The simplest operator that commute with the infinitesimal operators 
X must be at least of second order in these operators because a linear 
combination of X t clearly will not in general commute with X due to Eq. 
( 4.15). Thus we form the most general linear combination of second order 
operators 

C = Y,9 lj X l X j (4.21) 

ij 

The matrix r/' J must be symmetric since every matrix can be written as a 
sum of symmetric and anti-symmetric matrices and from Eq. ( 4.15) the 
anti-symmetric part reduces to a linear combination of X t . We evaluate 
the commutation of this operator with an arbitrary X^: 

[C,X k ] = Y,9 ij [XiXj,X k ] 
ij 

= Y.9 ij {Xi[Xj,X k ] + [X^X^Xj} 
ij 

= {x<x,c‘ jt + x ,4 t x s } 

ij l 

= Y,9 ij c l jk {X i X l + Xl Xi} 

ijl 

The last step makes use of the fact that g l i is symmetric. If we can find g lJ 

such that 9 lJcl jk is anti-symmetric with respect to the interchange i / 

then C is the required operator. We have in Eq. ( 4.19) an anti-symmetric 

quantity with three indices but it involves no upper indices in the structure 

constant. We may, however, write 

/ lm V 

Cjk = 2-J 9 9ml'C jk 

ml' 
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= E 9 lm ' a mjk 

m 

where we have defined the inverse of 

E 9 lm 9mi' = Sw 

m 

and 

E i' 

9ml'Cjk 

V 

as in Eq. ( 4.19) Continuing the evaluation of [C,X k ] we get 
[C,X k ] = Y,9 ij Y.9 lm a mjk {X i Xi + X l X i } 

ijl m 

= 2 E [9 ij 9 lm + 9 lj 9 im ]amjk {X l x l + x,x t } 

ijlm 

= \ E \9 ij 9 lm + 9 lj 9 im } [amjk + a jmk ] {X t X, + XjX,} 

ijlm 

Since a m j k = —cijmk we obtain [C, = 0. 

In general, it may be possible to form higher order Casimir operators, 
which also commute with all of the infinitesimal operators. The irreducible 
representations of the group may be labelled by the eigenvalues of these 
Casimir operators. In the rotation group discussed later, we need only one 
Casimir operator to label the irreducible representations. 


4.5 Ladder Operators and Multiplets 

For a given Lie group, some of the infinitesimal operators may commute 
among themselves. The largest number of mutually commuting infinites¬ 
imal operators is called the rank of the group. Let {Hi} be such a set 
and {E a } be the rest of the infinitesimal operators. Let also {Ci} be a 
set of Casimir operators. Since {Ci} commute with {Hi} it is possible 
to construct simultaneous eigenstates of {Ci} and {Hi} with eigenvalues 
{Ci} and {Hi}\ 


Ci\Ci, Hi) = Ci\Ci, Hi) 
Hi\Ci, Hj = Hi\C u Hj 
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The remaining set of operators { E a } can be expressed as ladder oper¬ 
ators: 

\Hi, E a \ = e ia E a (4.22) 

This can be done by forming a linear combination E a = J2ii^i a ia and 
requiring that 


[A.£* 


3 a jot\ 


= 6i, 


IOL ^ Xj WjQ, 




ij a ja 


= 6i, 


IOL ^ ) Aj Ojj a 


jk 


^ ) A ''y ' [c 7 £-ia$jk\ dja 0 * y ) C-i^ia ^ia^ka 


The coefficients di a are the eigenvectors of the structure constants and e; a 
are called the root vectors. Eq. ( 4.22) implies that 

[Hi, E a \\Ci, Hi) = e ia E a \Ci , Hi) 

(H l -H t )E a \C i) H t ) = e ia E a \Q, HJ 

Hi(E a \C u Hi)) = (H l + e ia )(E a \C l , H t )) 

i.e. E a \Ci, Hi) is also an eigenstate of Hi but with an eigenvalue (Hi+ei a ). 
This means 

E a \Ci, H i ) = A a (C i ,H i )\C i , Hi + €i Q ) (4.23) 

The constants A a can be determined from the Lie algebra. The states 
generated by the ladder operators are the degenerate eigenstates of the 
Casimir operators. This is because the Casimir operators commute with 
all the infinitesimal operators and therefore the degenerate eigenstates of 
the Casimir operators form an invariant subspace under the infinitesimal 
operators. Acting X t on | Ci, Hi) results in a linear combination of states 
with the same eigenvalues {Ci}. Such a set of degenerate states are called 
a multiplet and they form an invariant subspace under the group operations. 

Assuming that the multiplet spans a finite space, there must be a state 
|^+) and \ip_) with the largest and smallest values of {Hi} such that 

Ea\i>+) = o, Ep\il>-) = o 


if E a and Eg increases and decreases the eigenvalues. 
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We also have 


Hi, [E a , Eg] — [Hi, E a ], Ep\ + E a ,[Hi,Ep\ — (e* a + €ip)[E a , Ep\ 


so that the commutator [E a , Eg] is itself a ladder operator with a root 
(cja + 6i@). If 6i a + 6 t g = 0, then [E a , Ep\ is a linear combination of {Hi}. 

It is clear from the above discussion that the number of Casimir oper¬ 
ators needed to specify a multiplet is equal to the rank of the Lie group. 


4.6 Summation over group elements 

Many of the theorems that we have encountered involve summation over 
group elements. In this section, we will study how to perform this sum¬ 
mation for continuous groups. We have to replace the summation by an 
integral over the parameters in the following way: 

£/(G)- / da w(a)/(G(a)) (4.24) 

G J 

w( a) is a weight function describing the '’density” of elements in the pa¬ 
rameter space. 

In proving some theorems for finite groups, we make use of the rear¬ 
rangement theorem. For these theorems to remain valid in the case of 
continuous groups, we must require 

j daw(a)f(G(a)G(b)) = j daw(a)f(G(c)) = J dc w(c)f(G(c)) 

(4.25) 

From Eq. ( 4.3), G(a)G(b) = G(c) = G(F(a, b)), and for a fixed b, c is 
a function of a. 

J daw(a)f(G(a)) = J dc w(c)f(G(c)) 

= J da |^ W ( C )/( G ( C )) 

Comparison with Eq. ( 4.25) gives 


—w(c) = w( a) 


(4.26) 



72 


CHAPTER 4. LIE GROUPS 


where dc/da is the Jacobian. 

To relate a to c we consider a small b: 


c = F(a, b) 

^ . <9F(a, 0) , 

= F(a ’ 0) + — k^' b 

= a + M(a) • b 

where the matrix M is defined as in Eq. ( 4.10). To first order in b, the 
Jacobian is given by 

dc d 

- = 1 + -. M (a). b 

Expanding w( c) about a to first order in b yields 


w(c) = w(a + M(a)-b) 
dw( a 


= w a + 


da 


■ M(a) • b 


Substituting the above expressions into Eq. ( 4.26) gives 


1 + ^ M(a) ' b 


w(a) + LAI . M(a) • b 


da 


= w a 


Since b is arbitrary, we thus have 

1 dw(a') 


d 


wla) 9a ■M(a) = - ga .M(a) 


or 


d In w( a) d , ,, , , , , . . 


(4.27) 


4.7 Rotation Group 

As an example, we consider the rotation group in three dimensions, R 3 , 
which often appears in many applications in physics, in particular in the 
theory of angular momentum. The technique used in constructing the 
irreducible representations of the rotation group is actually quite common 
in Lie groups. 
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4.7.1 Infinitesimal operators 

A rotation in three dimensions may be denoted by R(aa) where a is the 
axis of rotation and a is the angle of anti-clockwise rotation. It is easy to 
show that 

-R(aa)r = cos a r + (1 — cos a)(r ■ a)a + sin a (a x r) (4.28) 

For small a we have to first order 

R( a, a)r = (l + aax)r 

= (1 + a ^I a * e * x ) r 

i 

= (l + ^ayejX)r (4.29) 

i 

We identify 

N X G X X . Ny Qy X . N Z G- X . 

as the infinitesimal operators of the rotation group associated with the 
parameters a x = aa x , a y = aa y and a z = aa z corresponding to rotations 
about x—, y— and axes respectively. In other words, when a is small, 
the rotation can be regarded as a vector sum of rotations about x—, y— 
and z— axes. 

In the Cartesian basis, we have explicitly 

/ 0 0 0 \ 

X x = 0 0 -1 

Vo 1 ° y 

/ 0 0 1 
X, = 0 0 0 

\-l 0 0 


X 


0-10 
1 0 0 

0 0 0 
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4.7.2 Commutation Relations 

In Cartesian coordinates, the commutation relations for the infinitesimal 
operators are 

[X x ,X y ]=X z , [X y ,X z }=X x , [X z ,X x ]=X y (4.30) 

The infinitesimal operators are skew Hermitian (this is true in general if the 
representation is unitary) but it is possible to define equivalent infinitesimal 
operators J k = iX k which are Hermitian. The commutation relations 
become 

\J X i Jy\ U z , \Jyi ^z\ ^Jxi [Jz, ^x\ 7/y (4.31) 

We will show below that the commutation relations also follow from the 
general results derived in the previous sections. 

We consider a rotation R(/3b) followed by R( era) which may be affected 
by a rotation R( 7 c): 

R( 7 c) = R(asL)R(Ph) 

The main quantities to calculate are the three functions F(aa, /3b) = 
7 c. What we have to calculate are the structure constants defined in Eq. 
( 4.16). Since the derivatives of F(cra, /3h) are taken at era = 0 and 
/3b = 0, it is sufficient to consider small a and (3. For small a, R(aa ) 
takes the form: 

( 1 — a z a y \ 

a z 1 — a x 

OLy Oi X 1 J 

and similarly for R((3 b). Thus we have 

R{ 7 c) = R(aa)R((3b) = 

( 1 (Xzfiz (®2 T (3 Z oi y (3 x ') ot y T (3 y T a z (3 x \ 

I c^z T (3 z T oi x (3 y 1 a x (3 x oi z (3 z (cx x T (3 X ot z (3y ) I 
\ (py T (3 y T a x T f3 x &y[3 z 1 &yf3 y J 

The trace of R( 7 c) is (1 + 2cos 7 ), independent of the basis. Equating 
this with the trace of R(aa)R((3b) gives 

1 + 2 cos 7 3 2 (oi x [3x "T (%y[3y T 07 / 3 ^) 

1 + 2(1 — 7 2 / 2 ) = 3 — 2 (ot x (3 x + a y (3 y + oi z (3 z ) 

7 2(cr a; /3 a ; T OiyPy T a z (3 z ) 
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We also know that R( 7 c) is unitary and it does not alter 7 c so that 

R( 70)70 = R^ ( 70)70 = 7 c or 

[i?(7c) — -R^(7 c)]7C = 0 

This gives us the following equations: 

-C^y + B^ z = 0 

Chx - A'yz = 0 

-B^ x + Ajy = 0 

A 2 (07 T fix') T Otyfiz C^zfiy 

B 2(07 T fiy) T Ol z fix Oixfiz 

C 2(07 T fiz ) T O^xfiy Otyfix 

With 7 2 = 7 ^ + 7 2 + 7 2 , the solution to the above equations is 

7 * = .pA l y = pB, 7 2 = pC 

where 

r 1 1/2 

P= [ A 2 + B 2 + C 2 _ 

A straightforward algebra shows that p = 1/2 to linear order in a and fi. 
The non-zero structure constants are then 

7 = <4 = 7 = 1 < 4 - 32 ) 

which gives the commutation relations in Eq. ( 4.30). 

4.7.3 Casimir Operator 

The Casimir operator can also be obtained directly from the results of the 
previous section. We calculate the matrix q l3 defined in Eq. ( 4.18): 

= V r k r l 

/ j ^xl^xk 
kl 

= c z c y + c y c z 

xyxz 1 xzxy 

= -2 


9xx 
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The same results are obtained for g yy and g zz whereas the other matrix 
elements are zero. Thus we get 

9ij = ~^iji 9 J = ~ 2 ^ij 

and the Casimir operator is therefore 

C = 'Z^XiXj 

ij 

= H(X 2 , + xl + x>) 

= -\x 2 = ij 2 (4.33) 

4.8 Irreducible Representations of R% 

The method of constructing the irreducible representations for the rotation 
group f? 3 is quite general since it is based on the commutation relations 
in Eqn. ( 4.30) alone. The method may therefore be applied to other 
continuous groups. Since every rotation can be built up from the infinites¬ 
imal operators, an irreducible subspace under these infinitesimal operators 
is also an irreducible subspace under the rotation group. The steps for 
constructing the irreducible representations are as follows: 

1. The sets of degenerate eigenvectors of the Casimir operator J 2 form 
irreducible subspaces under the infinitesimal operators J x , J y , and J z . 
The rank of R 3 is one because there are no two mutually commuting 
operators. Since J 2 commutes with the infinitesimal operators, the 
eigenvectors of J' 2 may be chosen simultaneously to be eigenvectors 
of one of the infinitesimal operators. As a convention, we choose J z . 

We construct the following ladder operators 

J± = J x ± iJ y (4.34) 

which may be obtained by solving the eigenvectors and eigenvalues 
of c l zy Clearly, the set of operators J±, J z are equivalent to the set 
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of operators J X1 J yi J z . We may therefore work with the former set. 
The commutation relations of these operators are 

[Jz, J±\ = ±J±, [j+, J-] = 2Jz (4.35) 

The usefulness of these operators may be seen by applying J z to 
J±ip m where is an eigenfunction of J z with an eigenvalue m. 

Jz(J±4pm) [J±Jz A. 

= J±(j z ±l)'lp m 
= J±(m±l)^ m 
= (m ± l)(J±'tp m ) 

Th us, J±i\) m must be proportional to i\) m ± i- 

2. We assume that the irreducible representations of R 3 have a finite 
dimension. We choose basis functions which are eigenfunctions of 
J z . Let j be the largest eigenvalue of J z in this basis. Then 

■l+'ifjj = 0 (4.36) 

There may be more than one function with the largest eigenvalue. 
We take one of these and operate J_ repeatedly on this function: 

■J-is = 9-iVT-i 

J-tyj- 1 = Cj- 2 ^j -2 etc. 

The c’s are normalisation constants. Since we have assumed that 
the dimension of the irreducible representations is finite, it must be 
that for some integer n we have 


J—Ipj—n 0 

The problem is to figure out what n is. 

3. We show that is an eigenfunction of J 2 irrespective of the value 
of m. This is to be expected because a set of degenerate eigenvectors 
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of j 2 form a basis for an irreducible representation. 


J 2 


J 2 X + Jy+J 2 Z 

+ J-J+) + J z 

J+J— + J 2 — J z 
J— J+ + J 2 + J' z 


The last two relations have been obtained by using the the second 
commutation relation in Eq. ( 4.35). Operating J 2 on ipj we get 

J% = (J-J + + J 2 + JMj 
= + 

Operating J 2 J_ on ipj yields 

J 2 J^j = J-J 2 ^ 

= j(J+ l)J-ipj- 1 

Th us ipj-i is also an eigenfunction of J 2 with eigenvalue j (j + 1). 
We can continue the same procedure starting from ipj-i so that it 
follows that i\) mi m — j, j — 1,..., j — n is an eigenfunction of./ 2 
with eigenvalue j (j + 1). We now operate J 2 on 

= {J+J- + J 2 - j z )^j-n 
= [{j - n) 2 - (. j - n)]V>j-n 
= U - n){j - n - l)^j- n 

It follows that {j — n)(j — n — 1) = j (j + 1), which implies that 
n = 2 j and therefore j can be an integer or a half-integer. 

4. Finally we show that the 2 j + 1 functions Cj , V’j-i> • • •, V ; -j form 
an irreducible subspace (transform among themselves or invariant) 
under the operators J + , J_, J z . It is clear that the functions trans¬ 
form among themselves under and J z . We show that they also 
transform among themselves under J + : 

J+Cm^Pm J+J—'Pm+l 
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— ( J " — Jz ± Jz)'4 J m +1 

= L/C/ + !) - (rn ± l) 2 + (m + l)]0 m +i 
= (j + m + 1) (j - m)i Wi 

To calculate the normalisation constants c m we take the dot product 

Cm(^m+ 1 , J+^m) = (j+m+l)(j-m). Using the fact that = ./}, 
we have 


i^Pm+li J+1prn) = (J+'fim+li 0m) 

= (J—lpm+i, Ipm) 

(C)70 m ) C m 

Thus |c TO | 2 = (j + m + l)(j — m). There is an arbitrary phase factor 
in c m and the usual convention due to Condon and Shortley is to 
choose c m to be real and positive so that 


Cm = \!(j ± m ± 1 )(j - m) 

(4.37) 

J+0m = \J{j ± m ± T){j - m)0m+1 

(4.38) 

J_0m = J(j + m)(j -m + l)0 m -l 

(4.39) 


To summarise, the irreducible representations of R 3 are labelled by R 3 , 
with j = 0, ±1/2, ±1, ±3/2, ±2..., which transform the (2 j + 1) 
functions 0j, 0j_i, ... , 0_j among themselves. 


4.9 Characters of R% 

Rotations by the same angle, R( a, 0) and R( b,0), belong to the same 
class irrespective of the axes a and b. This must be true because there is 
always a rotation R( c, 0') that brings the axis a to b or vice versa, i.e. 

R{a,<f>) = .R _1 (c, (j)')R(b, (f>)R(c, 0') 

Geometrically, R( c, 0') rotates a to b, R( b, 0) does a rotation by 0 about 
b and finally .R _1 (c, 0') rotates b back to a and the net result is the same 
as a rotation by 0 about a. 
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Since the characters of representations belonging to the same class are 
the same, it is sufficient to consider the characters of R z . We consider 
the subgroup R z consisting of rotations about the z-axis. This subgroup is 
Abelian and the irreducible representations are therefore one dimensional. 
We require R(z, (f>)R(z, 8(f>) = R(z,(j) + S(f>). Expanding both sides in <50 
we get 


R(z,(f>)(l + 6(f>R!(z,0)) = i?(z,0)+ <50i?'(z,0) 
R\z,0)R(z,(j)) = R'(z ,0) 

The solution is R(z,(p ) = c exp(R'(z, 0)0). For a unitary representation, 
we may choose c = 1 and from the boundary condition R(z, 0) = R(z, 0 + 
2n), we deduce that R'(z, 0) = — im where m is a positive or negative 
integer. Thus the irreducible representations of R z are 

R™{4>) = exp(—im(j )) (4.40) 

labelled by m = 0, ±1, ±2,... and the angle 0. These are also the eigen¬ 
functions of the infinitesimal operator J z with eigenvalues m, as may be 
easily verified. 

It is clear that representation A0(a, 0) is reducible under the group R z 
and by choosing the z-axis along a, it may be decomposed as 

R j ( a,0) = R~ j (4>) © R~ j+1 ((p) © ... © -ft* (0) 

m=j 

= ■£ 

m=—j 

Thus the character is given by 

m=j 

X J (0) = ^2 e.xp{—im(j)) 

m=-j 

= sin 4 + (4 41) 

sin <j>/2 ' ' ' 

which is easily obtained from the geometric series formula S n = 

Yst= o _1 or fe = a( 1 — r n )/( 1 — r) with n = (2 j + 1), a = exp(ij4>), 
and r = exp{i<p). 
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4.10 The Vector-Coupling Theorem 

The direct product of two irreducible representations of f? 3 referring to the 
same rotation 0 about a given axis a is given by 

R jl { a, 0) <g> R h ( a, 0) = ^ ® Cj R 3 { a, 0) (4.42) 

3 

To figure out the coefficient we use the fact that the character of a direct 
product representation is the product of the characters of the individual 
representations: 


V(a,0)x j2 (a,0) = 5Z® c i^(a,0) 

j 


The left hand side is given by 


31 


31 


x jl x h = E E 

mi=—ji rri 2 =—j 2 


g—imiQg-irri2 q. 


— \^{h+3i)<t> _|_ e i{h+3i-R<t> _|_ _)_ g-iC7i+J2)<^j 

_|_ |' e *(jl+J 2 -l)^ _)_ g*(il+i 2 - 2)0 _|_ g—*C? 1 +J 2 —l)^j 


4_ p i(il+i2-2)0 
12 ^ 

+ ... 

_|_ [g*C?l-J2)0 

= X' 


_|_ g*O‘i-J2-l)0 _)_ g-iO’i-J’a) 


_ ^jl+j‘2 _|_ -^21+22-1 _|_ _|_ yjl-jl 


assuming that ji > j 2 without loss of generality. Therefore ji — j 2 becomes 
|ji — j 2 1 in the general case. Comparison with the previous equation shows 
that Cj = 1 for j = j y + j 2 , j\ + j 2 - 1, • • • + \ji ~ .h\ which yields the 
vector-coupling theorem: 


21+22 

i? 1 (a, 0) <g> ip (a, 0) = ^ (a, 0) (4.43) 

./ 21 - 22 ; 

The rotation group is called simply reducible because m 1 = 1. 
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4.11 Clebsch-Gordan Coefficients 

As discussed in section 3.11, a product of two states V ; m 2 transforming 
according to the product representation RP®P of the rotation group may 
be expanded as follows: 


^(mi,m 2 ) = = '52VMC&(m 1 ,m 2 ) 

JM 

where the C’ s are the Clebsch-Gordan coefficients which form a matrix 
that brings the product representation R n into the block diagonal form 
(section 3.4, Theorem 3): 

z>j i r>h 

'm' m,\ L m' 2 m 2 

ji+32 

= X! ( m b m 2) (4.44) 

J=\j 1 —j 2 \ MM ' 

This expansion is known as the Clebsch-Gordan series. No additional label 
is needed in C because the rotation group is simply reducible. We have 
dropped the dependence on j] and j 2 for clarity. We may also write, using 
the unitarity of C 


^ J M= J2 C J M (m 1 ,m 2 )i)(m 1 ,m 2 ) 

mi,7712 


Thus 


C J M (m l ,m 2 ) = (^(mi,m 2 ),^M) 


Since the new functions ^ J M are orthonormal, we have 


Z |C'^(mi,m 2 )| 2 = 1 

77117712 


(4.45) 


(4.46) 


(4.47) 


By applying -J z to both sides of Eq. ( 4.45), it follows that C’h(rn i, m 2 ) = 0 
unless m = m\ + m 2 and from the vector-coupling theorem we also have 

|.?1 -.721 < J < j\ + j2- 


Cj^(mi,m 2 ) = 0 unless 


M = rn i + m 2 or 
lii -.7 2 1 < •/ < ,7i + j 2 


(4.48) 
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With the Condon and Shortley phase convention 


where 


A jt m = \J(j - m)(j + m + 1), Ajj = A jt \ m \>j = 0 (4.49) 

the Clebsch-Gordan coefficients become real. 

The Clebsch-Gordan coefficients for fixed j\ and j 2 and a chosen j can 
be calculated from recursion relations obtained by applying J_ and J + to 
both sides of Eq. ( 4.45): 

Aj-m'&m- i 

= C tM 1 > ™ 2 ) [ A h _ ni ^(m - 1, n 2 ) + A j2 _ na ^(m, n 2 - 1) ] 

niri2 


Aj,+m'&m +i 

= C M ( n l> n 2) [ + !, « 2 ) + ^4j 2 ,+n 2 '0( n l) ™2 + 1) ] 

n\ri2 

Taking the dot product with ip(m\,m 2 ) and setting M —» M + 1 and 
M —> M — 1 in the first and second equation above we get the recursion 
relations: 


Aj, +M C M (:miim 2 ) = 

+ 

Aj-MC M {mi,m 2 ) = 

+ 


Aj^+^CM+iirri! + l,m 2 ) 
4,+m 2 CM+i(mi,m 2 + 1) 

Aji mi Cm-i(w*i - l,m 2 ) 

Aj 2 ,—m2 C M -i(jn\i m 2 - 1) 


(4.50) 

(4.51) 


To simplify the notation, we have dropped the superscript J since it is 
fixed. There is an ambiguity in the sign and this is fixed by choosing the 
convention that 


Cj(j 1, J -j i) > 0 


(4.52) 
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As an example we evaluate the Clebsch-Gordan coefficients for a given 
j 2 = 1/2 which gives possible values of J = 3i ~ 1/2, h + 1/2- To 
simplify the notation further, we drop the second argument in C since 
it can be obtained by substracting the first argument from the subscript. 
We consider the case J — j\ — 1/2. With m 2 = ±1/2 we get from the 
recursion relations 


Aj,mCm(M — 1/2) = Aj ltM _i/ 2 CM+i{AI + 1 / 2 ) 

Aj-m-iCm+i(M + 1 / 2 ) = Aj 1 _M~\/2CM(M — 1 / 2 ) 

± Aj 2 _±/ 2 Cm+i{M ± 1 / 2 ) 

— 1 / 2 ) = Aj x ^ M _\i 2 CM{M + 1 / 2 ) 

± Aj 2 ,—i/ 2 C — 1/2) 

Aj-mCm(M + 1/2) = Aj 1 _ M _i/ 2 CM~ i(M — 1/2) 

These are four linear equations with four unknowns but since the equations 
are homogeneous, the solutions can only be expressed as ratios. However, 
the additional condition in Eq. ( 4 . 47 ) determines the absolute magnitudes 
and condition 4.52 fixes the sign. Similarly we can generate the recursion 
relations for J = j 2 + 1 / 2 . The solutions in complete notation are 

C^ ±1/2 (M- 1/2,1/2) 

Cm ±1/2 (M + 1/2, —1/2) 

The Clebsch-Gordan coefficients can be also calculated by using the 
projection operator: 


j ji±M + 1/2 
2./1 ± 1 
j'i =f M + 1/2 
2.7i + 1 


P J 


uh= n 

AYJ K^J 


J 2 - K(K + 1) 
J(J+1)-K(K + 1)_ 


(4.53) 


which when applied to will annihilate all components except 

Ci [ (mi,m 2 )^'l I where M = mi + m 2 \ 

P J p mi ,m 2 = C( r (mi, m 2 ) ^ J M 
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We evaluate rn2 , using the identity j 2 = J_ j + + J Z (J Z + 1): 

^ An-rai-1 Aj2,’rn2- / ^-j2,—'rn,2 — l 

+M (M + 1) — K(K + 1) } ^(mi, m 2 ) 

+^4ji,mi A j2 ,- m2 ^{m i + l,m 2 - 1) 

- l,m 2 + 1) ] 


= [J(J+1) - AXA^ + 1)]- 1 
x [ { (ji - ™i)(ji + mi + 1) + C ?2 - rn 2 ){j 2 + m 2 + 1 ) 
+M (M + 1) — K(K + 1) } ^(mi, m 2 ) 

+ V (ji - + mi + l)(j 2 + m 2 )(j 2 - m 2 + 1) 

X'0(m i + 1, m 2 — 1) 

+ \/(w - m 2 )(j 2 + m 2 + l)(ji + - m x + 1) 

x-0(mi - 1 ,m 2 + 1) ] 


We evaluate the previous example using the projection operator 
method. Consider the case J = j\ — 1/2, m 2 = —1/2 =>• m\ — M + 1/2. 
We have P J = P ? / +1 , 2 since there are only two possible values of 
K — ji ± 1/2. Thus, 

|Cjr 1/2 (M + l/2,-l/2)| 2 

= + 1 / 2 , - 1 / 2 ), + 1 / 2 , - 1 / 2 )) 

Jl + M + 1/2 

- , ./l - 1 

Using the sign convention in ( 4.52) we get 


C^“ 1/2 (M + l/ 2 ,-l/ 2 ) 


I ji + M + 1/2 

2/i + 1 


because it must be positive when M — j\ — 1/2. We also have 


CZ~ 1/2 (M - 1 / 2 , 1 / 2 ) CZ~ 1/2 (M + 1 / 2 , - 1 / 2 ) 

\/ (ji + M + 1/2) (ji — M + 1/2) 

— (2ji + 1) 
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so that 


c ! t i /2 ( m - 1 / 2 , 1/2 = -JLEMTM 

in agreement with the previous results. 

The general formula for the Clebsch-Gordan coefficients has been eval¬ 
uated by Wigner (Gruppentheorie, Vieweg-Verlag, Brunswick, 1931 or in 
the translated version, Group Theory, Academic Press, New York, 1959). 
Wigner’s closed expression is 


(?7ii, 777 . 2 ) T 1 


X 


X 


' ' "4 J v 1V1 v 1 

(j + ji - jg)! ( J - ji + 32) ! (ji + J2 ~ J)! (J + M) ! (J - M) ! 

\] (ji + 32 + j + l)!(ji - mi) ! (ji + '^i) ! (j2 - m 2 )!(j2 + m 2 )! 

^2 (-1 y +j2+m2 (j 2 + J + mi - i/)!(ji - mi + z/)! 


z/! (J - ji + j 2 - u)\(J + M - v)\(v + ji 


J2 - M)\ 
(4.54) 


Racah (G. Racah, Phys. Rev. 62, 438 (1942)) derived a more symmetrical 
form: 


m 2 ) &M,m\+rri2 v^2</ T 1 


X 


(jl + j2 ^ ■/)!(■/ + jl ~ j 2 )\(J + J2 - jl)! 

\ (J1+J2 + J+l)! 

x 1 +mi)!(ji - mi)!(j 2 + m 2 )!(j 2 — m 2 )!(J + M)\(J — M)\ 

x V' j_1_ 

v \ (jl +J 2 -J- - m i - z/ ) ! (j2 + m 2 - v)\ 


x 


(j’ - J 2 + mi + v)\{ J - jl - m 2 + Z/)! 


(4.55) 


The most frequently used Clebsch-Gordan coefficients are tabulated in 
many books on atomic physics. 
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4.12 Spherical Harmonics 


We wish to find explicit basis functions for the irreducible representations of 
the rotation group. To do this, we need to know the form of the infinitesi¬ 
mal operators in function space. We form an operator representation of the 
group elements, R —> T(R), and study its effect on an arbitrary function 
ij}(x,y,z). First we consider a small rotation about the .j-axis: 


T(R{ 'Y*))1>(x,y,z) 


Vi z )) 

if>(x + 'yy,y~'yx,z) 

r ( d d\ 

1 +7 h/o— x ^~ 

\ ox ay) 




The same procedure can be applied to the x- and y- axes. The infinitesimal 
operators in function space are therefore 

(4 - 56) 

( d d\ 

J »= 1 “ Z T, ) (4 ' 57) 

( d d\ 

J * = i {%- y Tz) (4 ' 58) 

These are identical to the angular momentum operators in quantum me¬ 
chanics. 

The procedure for constructing the irreducible representations of i? 3 
tells us that we should start with an eigenfunction of J z and J 2 and then 
we apply the ladder operators repeatedly in order to span the irreducible 
subspace corresponding to a set of degenerate eigenvectors of J 2 . The sim¬ 
plest function, other than a constant, that one can think of is x — iy which 
is an eigenfunction of J z with eigenvalue —1 and it is also an eigenfunction 
of J 2 . Furthermore, 


4 — {’lx %Jy)(x 'iy') 0 

which implies that (x — iy) has the smallest value of m among the degen¬ 
erate eigenfunctions of J 2 . To generate the irreducible subspace, we apply 
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the operator j + repeatedly on (x — iy) until it vanishes: 

J+(x — iy) = 2z 

J + z = — (x + iy) 

J + (x + iy) = 0 


(. x—iy ), z, and — (x+iy) thus form an irreducible subspace with eigenvalues 
of J z equal to m = —1,0,1 respectively. We immediately recognise that 
this set corresponds to the j — 1 representation with eigenvalue of J 2 equal 
to j (j +1) = 2, as may be easily verified. These functions are proportional 
to the spherical harmonics for / = 1. Since r 2 = x 2 + y 2 + z 1 is invariant 
under rotation, we may choose r = 1. In polar coordinates, we then have 
z = cos 9, y = sin 9 sin 0, and x = sin 9 cos 0, so that 


n 1 = 


87r (x + iy) = 


sin 9 e l<t> 

o7r 


Y 1 - 


-A 3 

4?r ^ 


cos 9 

47T 


= 


Jr (x - iy) = 


1 ^ sin 9 e 


which are the spherical harmonics Y r l n for l = 1. The normalisation con¬ 
stants are determined by integrating the square of each function over the 
solid angle and requiring the integral to be unity. Higher l spherical har¬ 
monics may be generated in the same fashion by applying the operator 
J + on (x — iy) 1 repeatedly and normalising the resulting functions as just 
mentioned above. There is an ambiguity in the sign. As a convention, the 
spherical harmonics are defined such that 


Y-i = 


20! 121 + 1 


2 l l\ 


An 


x 


iy) 1 


(4.59) 


which fixes the sign. 

The spherical harmonics for each / form an irreducible subspace under 
rotation and therefore provide an irreducible representation of the rotation 
group f? 3 . Under rotation, the spherical harmonics transform among them¬ 
selves with the same l. Two spherical harmonics with different / values will 
never transform to each other under rotation because they belong to two 
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distinct irreducibe subspaces of the rotation group. This means that we can 
decompose an arbitrary function f(r,9,(j)) into the irreducible subspaces 
formed by the spherical harmonics as follows: 

f(r, 6,0) = J2 (p) 

lm 

From the definition of the spherical harmonics it is easy to show that: 


Yl(0,<P) = 

/ 2Z + i 

V 4vr <5m ’° 

(4.60) 

lo(M) = 

J ^ P,(co S 9) 

(4.61) 


The last equation may be thought of as the definition of the Legendre 
polynomials. 

We can now derive some useful identities but first we write down the 
transformation of spherical harmonics under an arbitrary rotation R in the 
following way: 

T(R)Yl(e,4,) = = £Vi( (4.62) 


yKOA) = £ < m .YUC,4 ') (4.63) 

m'=—l 

where R l m j m is the irreducible representation of a rotation R in the spher¬ 
ical harmonics basis. We take the point of view that (0,0) and (9 r , 0') 
correspond to the same physical point, i.e. it is the coordinate system 
which is rotated. Considering a point (9, 0) = (9 Zl <p z ) on the rotated z 
axis corresponding to 9' = 0 we get 

R ‘ m o = (4.64) 

It follows immediately by substituting this into Eq. ( 4.62) for rn — 0 that 

Y ° {e, ’ 4 ’' ) = vQri T YUWYRO.A*) 

' ' m=—l 


(4.65) 
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By Eq. ( 4.61) we get the addition theorem 

Anr ^ 

p,(cos ff) = iiTT T (4.66) 

m=—l 

For the special case of 9 = 6 Z and 0 = <p z we have 6' = 0 so that 

£ yLo,4>)yL(»a) = 2 P-^- 

m=—l 

Thus the quantity on the left hand side is invariant under rotation since 
the (6 , 0) is arbitrary. 

A product of two spherical harmonics transforms according to the direct 
product representation which is in general reducible. Using Eq. ( 4.64) in 
Eq. ( 4.44) we obtain 




h+l 2 

E 


L=\h-h\ 


N 


(2/i + 1) (2/2 + 1) 

4vr(2L + 1) 


x C 0 L (0,0)C^(mi, m 2 )Y^((e,<j>) 


(4.67) 


where M = mi+m 2 . From this we can evaluate the frequently encountered 
integral of three spherical harmonics: 


/ 



N 


(2/i + 1)(2Z 2 + 1) 

4vr(2L + 1) 


Cq (0,0)C'^(mi,m 2 ) 


(4.68) 



Chapter 5 

Atomic Physics 


The Hamiltonian if of an atom in the absence of external fields is given by 



H = - Z/n] + 1/2 £ 1/r ij + E ■ s t 

i i^j i 

(5.1) 

It is useful to break up H as follows: 



H = H 0 + Hi + H 2 

(5.2) 

where 

Ho = ^-o( r i) = Yliti - Z / r i + V eff( r i)} 

i i 

(5.3) 


ih = i/iEiAirEW.) 

* 

(5.4) 


h 2 = 

(5.5) 


i 


V e ff is a spherically symmetric single-particle potential. The reason for the 
above division of H is that H 0 is a single-particle operator which can be 
solved easily. By choosing V e ff appropriately, H\ may be made small so 
that it can be treated as a perturbation. H 2 is usually small and can also 
be treated as a perturbation and we assume that H 2 « Hi. 

The objective of the present chapter is to set up the Hamiltonian ma¬ 
trix and exploit the symmetry properties of the Hamiltonian by means of 
group theory in order to simplify our task. We consider the terms in the 
Hamiltonian one by one starting with H 0 . 
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5.1 H 0 


H 0 has two kinds of symmetry. It is invariant under permutations of the 
electron coordinates (indistinguishability) and under separate rotations of 
the electron coordinates. The eigenfunctions of H 0 must therefore form 
basis functions for the irreducible representations of the permutation and 
rotation groups. For a permutation group of N elements, there is always a 
one-dimensional irreducible representation whose basis functions are totally 
anti-symmetric, meaning that the functions change sign whenever two co¬ 
ordinates are interchanged. It does not follow from group theory that the 
eigenfunctions of the Hamiltonian should be totally anti-symmetric but for 
fermions, these are the only ones found in nature (Pauli principle). These 
anti-symmetric functions can be written most conveniently as Slater de¬ 
terminants which are linear combinations of fl i' l Pi{ r i), where ho'ipi = e^i. 
with the coordinates permuted: 


*( 1,2 


1 

71 


M 1 ) 

^ 2 ( 1 ) 

... ij) Z ( 1 ) 

V72) 

V72) 

... M 2) 

MZ) 

MZ) 

... MZ) 


(5.6) 


We have labeled the coordinates ly by i for simplicity. Take for example 
the simplest non-trivial case of two electrons. The Slater determinant is 

*12(1,2) = 4j [«1)«2) - «2)<fe(l)l 

which changes sign when the coordinates or the quantum labels 1 and 2 
are interchanged Moreover, it becomes zero when the coordinates or the 
quantum labels 1 = 2, which is a general property of a determinant that 
it is zero whenever two rows or columns are the same. This is simply the 
Pauli exclusion principle. Since H 0 is a sum of single-particle operators, its 
solution is just a single Slater determinant. From now on we assume that 
basis functions needed to set up the secular equation for H must be Slater 
determinants. 

We now consider the rotational symmetry which implies that 

[T(R),h 0 ] = 0 
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It follows that 


\ho,L x \ — [ho,L y ] — [ho,L z ] — [ho,L 2 ] — 0 

and the eigenstates of ho may be chosen to be simultaneous eigenstates 
of L 2 and L z . Each energy level of h 0 is (2 1 + 1) degenerate since the 
irreducible representations of R 3 are labelled by R l with dimensions (2Z + 1). 
Neglecting spin, the eigenstates must have the following form: 

tpnim( r) = u n i(r)Y^{9,(j)) 

where is an eigenfunction of L z and L 2 . Operating h 0 on shows 
that u n i(r) must be a solution to the radial Schrodinger equation corre¬ 
sponding to ho, which is a familiar result. 

We now take into account spin and label the spin states by y ms (fr) 
where the spin coordinate a can only take two discrete values a = ±1: 

X+(l) = 1, X+(-l) = 0, X-(1) = 0, X-(-l) = l, 

Physical observation shows that the spin behaves like angular momentum 
so that 

T(R)x m .W) = £ 

m' s 

The spin states form a basis for the two dimensional irreducible representa¬ 
tion of R 3 corresponding to j = 1/2. The eigenstate of h 0 including spin 
is 

^nlmm s ( r ) Cr ) = u nl{ r )Y m (6, (f>)Xm s ( cr ) 

To summarise, the eigenfunctions of H 0 are simply single Slater deter¬ 
minants with the orbitals given by the eigenfunctions of ho- In determining 
the eigenstates of ( H 0 + Hi) we will use these eigenfunctions as basis 
functions. 

5.2 H 0 + 

We now consider (Ho+Hi) which is invariant under simultaneous rotations 
of the position coordinates of the electrons. It is also implicitly invariant 
under simultaneous rotations in the spin coordinates. Although ( H 0 + 
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Hi) has no explicit spin dependence, it is assumed that each electron 
carries a spin and the spin dependence enters implicitly through the Pauli 
principle. The degenerate eigenfunctions of (H 0 + Hi) must therefore 
form an invariant subspace under simultaneous rotations of the space or 
spin coordinates. 

The infinitesimal operators for the simultaneous rotations in space or 
spin coordinates are given by the sum of the infinitesimal operators corre¬ 
sponding to each electron coordinate. Thus 

L x = L y = £4(0, L z = L z (i) 

iii 

where L z (i) acts on the coordinate r,. Similarly for the infinitesimal op¬ 
erators in the spin space S x , S y , and S z . These six infinitesimal operators 
correspond to a direct product <S)R§ since the orbital and spin operators 
commute. (H 0 + Hi) commutes with L x , L y , L z , and L 2 and with the spin 
counterpart. As before we may choose the eigenfunctions of (H 0 + Hi) to 
be simultaneous eigenfunctions of L z and L 2 and of S z and S 2 . (H 0 + Hi) 
no longer commutes with the angular momentum or spin operators of each 
electron. The eigenfunctions of H 0 are still eigenfunctions of L z and S z 
but not of L 2 or S 2 . 

5.2.1 Configuration and Term 

In atoms, we need only consider the valence electrons because the electrons 
forming a closed shell act effectively like a spherically symmetric potential 
which can be combined with V e ff. We define a configuration by a sym¬ 
bol such as s 1 p 1 meaning that there is one electron in an s-shell and one 
electron in a p-shell. Thus the superscript indicates the number of elec¬ 
trons. We use the spectroscopic notations s,p,d, f,... corresponding to 
l = 0,1, 2,3,... respectively. 

When there are more than one electron, the representation for simul¬ 
taneous rotations of the electron coordinates is given by a direct product 
of each rotation. According to the vector-coupling theorem, the direct 
product representation is in general reducible. Since (H 0 + Hi) com¬ 
mute with rotation operators in space and spin coordinates separately, 
the energy levels of (H 0 + Hi) can be labelled with L and S and each 
energy level is (2 L + 1)(2S' + 1) degenerate. The corresponding states 
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are conventionally written as 2S+1 L and they are called "term” (multi- 
plet). To illustrate the concept of term, consider two p electrons. Ac¬ 
cording to the vector-coupling theorem, the irreducible representations for 
simultaneous rotations of the two electron space coordinates correspond to 
L = I 1 + I 2 , h + h — 1, • • • i \ h~k\ = 2,1, 0 since Z x = l 2 = 1. Similarly, the 
irreducible representations for simultaneous rotations of the two electron 
spin coordinates correspond to S = 1,0 since si = S 2 = 1/2. The possible 
terms are then given by 3 D, 3 P, 3 S, 1 D , 1 P 1 1 S. Some of these terms 
may not be allowed by the Pauli exclusion principle when the two electrons 
are equivalent as we shall see below. 


5.2.2 Ladder Operator Method 


As just discussed above, the eigenfunctions of H 0 are still eigenfunctions 
of L z and S z but not of L 2 or S 2 . However, we know that we can al¬ 
ways generate an invariant subspace by applying the symmetry operators 
repeatedly on an arbitrary function in that subspace. If we know one of the 
eigenfunctions of L 2 and S 2 then we can construct the other degenerate 
eigenfunctions by using the ladder operators. Let us illustrate this method 
by considering a specific example since the generalisation to an arbitrary 
case is quite clear. 

Consider a configuration p 2 and let us use the notation | + 1 + )| — 1“) 
to represent a Slater determinant where one electron has mi = +1 and 
m s = +1/2 and the other electron has mi = —1 and m s = —1/2. mi 
and m s are respectively the eigenvalues of L z and S z of the individual elec¬ 
trons. Let us list the possible Slater determinants corresponding to this 
configuration starting with the largest possible value of Ml = Y^i r mi(i). 
We note also that the two electrons are equivalent because they occupy 
the same p shell. There are (2 x 3)1/2!(2 x 3 — 2)! = 15 possible ways of 
placing two identical electrons in a p-shelI: 



96 


CHAPTER 5. ATOMIC PHYSICS 



M l 

M s 

*1 = ll + )ll-) 

2 

0 

*2 = |1 + )|0+) 

1 

1 

*3 = |1 + )|0-) 

1 

0 

*4 = |1->|0+) 

1 

0 

*5=|l->|0-> 

1 

-1 

*6 = |l + )l - 1 + ) 

0 

1 

•e 

1 

1 

0 

0 

•e 

00 

1 

1 

0 

0 

•© 

CO 

h- 1 

1 

1 

1 

0 

-1 

*io = |0 + >|0-> 

0 

0 

4/ n = |0 + )|-l + ) 

-1 

1 

*12 = |0 + )| - 1") 

-1 

0 

*13 = |0")| - 1 + ) 

-1 

0 

*14 = |0-)| - 1") 

-1 

-1 

*15 = |-1 + )|-1-) 

-2 

0 


We keep in mind that 4^ is a Slater determinant so that e.g. |1 + )|1“) = 
—11“)|1 + ). It is natural when using the ladder operator method to start 
from a Slater determinant with the largest values of Ml and/or Ms since 
it is more likely that it is an eigenstate of L 2 and/or S 2 . 'I'] has the largest 
value of M l and it is the only one. Moreover, it has M s = 0 and therefore 
it must be an eigenfunction belonging to singlet 1 D. We check that it is 
an eigenfunction of L 2 and S 2 \ 


L+* i = [L + (l) + L + (2)]| + l + )| + r) = 0 

L z ^i — + L z (2)) | + 1 + ) | + 1 ) 

= (l + l)| + l+ + r) 

= 2^i 

= 6^1 


S+*i — [<S'+(1) + *5+(2)] | + 1 + )| + 1 ) —0 
S,*i = + S z (2)] | + 1 + ) | + 1 ) = 0 

S 2 I> 1 = 0 






5.2. Hq + Hi 


97 


We generate the invariant subspace formed by the degenerate eigenfunc¬ 
tions of L 2 corresponding to the term l D\ 

iJ, = |L_(i) + i-(2)]| + i + )| + i-> 

= 7(i + i)(i-i + i)l 0+ )l + i-> 

+\A* + i)(i - ^ + 1)1 + 1 + )|0 } 

= \/2(^3 - ^ 4 ) 

We continue applying the lowering operator: 

L_(^3-^4) = V / 2 ( 2 'I'io + ^7 — ^s) 

L_(2\l/ 10 + 7 — fl/g) = 3v / 2('I / i2 — ^13) 

L-('I'i2 — ^ 13 ) = 2v / 2'I / i5 

-^-^15 — 0 

The functions \l>i, (T 3 - v& 4 ), (\& 7 - \l / 8 + 2^i 0 ), (^12 - ^ 13 ), and T 15 

are degenerate eigenfunctions of L 2 and S 2 corresponding to the term l D. 

^2 must be an eigenfunction belonging to 3 P because it is the only one 
with Ml = 1 and Ms = 1 and the term 3 D does not exist. We operate 
S- on ^2 to obtain the triplets with Ml = 1. 

S_^ 2 = P_|1+)|0+) 

= |i->|o + ) + |i+>|o-> 

= T 4 + T 3 
>§—(^4 + ^ 3 ) = 2 'I / 5 

5 = 0 

Operating L + on T 2 yields a state | + 1 + )| + 1 + ) which is forbidden 
by the Pauli exclusion principle. This state would be allowed if the two 
electrons occupied different p shells. We operate L_ on ^2 and then use 
S- to generate the triplets with Ml = 0: 

L _^2 = V 2^6 

S-ty 6 = ^8 + ^7 
P_(^ 8 + ^ 7 ) = 2^9 

9 = 0 
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Continuing along the same fashion we generate the triplets with M L = 

-1 


L_4> 6 = v^n 
S-Vn = ^13 + ^12 
S - (^13 + ^12) = 2 'I ' 14 
S^ u = 0 

We have generated 14 eigenfunctions. The only one left must belong 
to the term 1 S. There are three Slater determinants, T 7 , \l/ 8 , \l/ 10 , with 
Ml = 0 and Ms = 0. We have already found two eigenfunctions T 7 —T 8 + 
2Ti 0 and 4/ 7 + 4/ 8 belonging to 1 D and 3 P respectively. The eigenfunction 
belonging to 1 S must be \l/ 7 — \l/ 8 — 4/io since it is orthogonal to the previous 
two eigenfunctions. 

Below we summarise our results, where the eigenfunctions have been 
normalised: 


Term 

M l 

M s 

Eigenfunction 

' D 

2 

0 

Ti 


1 

0 

(^ 3 - V 4 )/V2 


0 

0 

(\j/ 7 _ vj/ 8 -f 24/ 10 )/v/6 


-1 

0 

(\j/ 12 _ vj 13 )/ y/2 


-2 

0 

^15 

3p 

1 

1 

^2 



0 

(^3 + ^ 4 )/^ 



-1 

^5 


0 

1 

^6 



0 

(4C + 4/ 8 )/ \/2 



-1 

^9 


-1 

1 

T n 



0 

(4'i2 + 4 >i 3 )/\/2 



-1 


L S 

0 

0 

(^7 - ^8 - ^ r lo)/v / 3 


The method that we have used to construct the eigenfunctions of L 2 
and S 2 and hence of ( H 0 + Hi) is systematic but it becomes tedious as 
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the number of Slater determinants increases. We discuss below a different 
method which is more suitable for the latter case. 


5.2.3 Projection Operator Method 

Let us illustrate the method by using the example we have just considered. 
Each of the Slater determinant 'Ll, '!+,... must be a linear combination 
of eigenfunctions belonging to 1 D, 3 P, and 1 S. It is best to start with a 
Slater determinant with M L = 0 and M s = 0 since it is contained in all 
the terms. Let us take \L 7 and suppose that we are interested in finding 
the component of l D. We first project out the component of 3 P out of 
\l >7 and then we project out the comoponent of 1 S: 



■ 1(1 + 1 ) 
0(0 + 1 ) 


^7 




10 


2^io 

2^io + ^7 - ^8 


This is proportional to the eigenfunction of l D with Ml = 0 and Ms = 0 
which is in agreement with the result obtained by using the ladder operator 
method. 

We can arrive at the same result if we first find the eigenfunction of S 2 
with S = 0 by projecting out the component with S — 1: 

[S' 2 - 1(1 + 1)]'L 7 = 'L 7 + 'L 8 -2'L 7 

= 'Lg — 'L 7 

Thus ('Lg — '!+) is an eigenfunction of S 2 corresponding to S = 0 (singlet). 
Now we project out the component of L S. It is not necessary to project 
out the component of 3 P because ('Lg — T 7 ) is a singlet and therefore it 
cannot contain eigenfunctions of 3 P. 

[L 2 — 0(0 + l)]('Lg — 'L 7 ) = 2(—\L 10 + H/g) — 2(\L 10 + fl/7) 

= -2('L 7 - \Lg + 2+io) 


which is proportional to the previous result. 

From a given Slater determinant, the projection operator method allows 
us to arrive at a particular eigenfunction of a term by projecting out all the 
other terms one by one. 
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5.2.4 Term Energies 

In this section we discuss the calculations of term energies. To calculate 
the term energies, we need matrix elements of the type 


(VilHo + H^j) 


It is convenient to calculate them in the occupation number representation 
in which (Hq + Hi) is given by 

„ „ „ 1 

H 0 + Hi = £ Ci{i\ho\j)aj + - CiCj(ij\v\kl)aia k (5.7) 

ij ijkl 


where 


<*l^o | j) 

( ij\v\kl) 


d (s i , Sj 

J 

S(si,s k )6(sj,si) f dld2 


dUp*(l)ho{l)^j(l), l = ri 


Q = a\ and a t = cf are creation and annihilation operators respectively 
which obey the commutation relations 


[cy,Cj]_{_ 0, 0, S^j (5.8) 

We write the Slater determinants in the occupation number repre¬ 
sentation and order the single-particle states as follows 

|1 + , 1", 0 + , 0“, -1 + , -1“) = C]+ ci- c 0 + Co- c_i+ c_i-10) 

where |0) is a state with no electrons in the p shell. We note that for 
fermions the ordering of the states is very important. Thus we have 


= ci+ci-|0) 
^2 = C]+ c 0 +|0) 


^15 = 


c_i+ C_1-|0) 
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The matrix elements of Hi between T = c p c q |0) and W = c r c s |0) will 
be of the following form: 

- 1 

= -^(ijlvlkljfilagapCiCjaiakCrCslO) 
ijkl 

= (pq\v\rs) — (pq\v\sr) 


The first term is the direct term and the second term is the so called 
exchange term. 

The matrix elements of H 0 between T = c p c q |0) and 4 // = c r c s |0) are 
quite simple: 

('£|W 0 |'I' / ) = '52(i\ho\j)(0\a q a p c i a j c r c a \0) 
ij 

= [(p\ho\p) + (q\ho\q)](SprS qs - 5 ps 8 qr ) 


We have made use of the fact that 0j are eigenfunctions of h 0 so that 
(i\h 0 \j) = 8ij. Ho is diagonal because the Slater determinants are eigen¬ 
functions of H 0 and they are degenerate. Therefore H 0 only contributes 
the same constant term to all the terms. 

We must also evaluate the integral (pq\v\rs) before we can calculate the 
term energies. To do this, we use the multipole expansion of the Coulomb 
potential: 



E 


47T r< 
21 + 1 r l > 1 


Y^i)Y^ 2 ) 


(5.9) 


where r> and r< are the greater and the smaller of ri and r 2 . We recall 
that ipi = where is the solution to the radial Schrodinger 

equation. 


( 01-02 


f d 3 ri d 3 r 2 ^ 

J lm 


47T ti 

E)0^3 (r 2 ) 


x I rfSi 2 xi(n 2 )x:j;(n 2 )xi< 4 (ft 2 ) 


The integrals over three spherical harmonics are given by Eq. ( 4.68) and 
the Clebsch-Gordan coefficients are tabulated extensively in many books 
on atomic physics. 
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Let us calculate the energy of the term 1 D. Since all the eigenfunctions 
of l D are degenerate we can take the state \I>i: 

('5 \\H\ |^/i) = (pq\v\rs) — (pq\v\sr) 

= j d 3 n 

lm ' T> 

x j dZhYZiChWinjY^) 

X j dn 2 y r ^(n 2 )y 1 1 *(n 2 )y 1 1 (n 2 ) 

The second term (exchange term) vanishes because of the orthogonality of 
the spin states. 

5.3 H = H^H l + H 2 

Finally we include the spin-orbit term H 2 which is invariant under simulta¬ 
neous rotations in space and spin coordinates. This implies 

[H, X] = [H, Jy ] = [H, Jz] = [H, J 2 } = 0 

where 

J x etc. 

i 

H does not commute with L, or S, and the group is now reduced to R 3 . 
This means that the (2 L + 1)(2S ( + 1) degeneracy of each term will be in 
general split and each energy level of H is now (2 J + 1) degenerate with 
J = L + S, L + S — 1,... ,\L — S\ which follows from the vector-coupling 
rule R l ®R s = R J . The J dependence of the splitting for given 

L,S may be evaluated by using the Wigner-Eckart theorem. We assume 
that H 2 is small enough so that it causes no mixing between the different 
terms. Let i[)jm be an eigenstate of .J 2 which is also an eigenstate of L 2 
and S 2 since it is formed as a linear combination of the eigenstates of a 
given term. We have 

Aj = (-0JM,X]£( r i)li • Si V'JM) 

i 

= A^jm- L ■ S IpjM ) 

= ^A[J(J + 1) - L(L + 1) - S(S + 1)] 
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5.3. H = H 0 + H 1 + H 2 

The second step follows from the fact that L • S = 1/2(J 2 — L 2 — S 2 ) 
transforms exactly like J2iC{ r i)h-Si and the fact that f? 3 is simply reducible 
i.e. m = 1 in the Wigner-Eckart theorem. The actual magnitude of the 
splitting depends on the details of the wavefunctions which are contained 
in A. 
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Chapter 6 

The Group SU 2 ’ Isospin 


It is found experimentally that the strong nuclear force that binds nucleons 
(protons and neutrons) is the same within 1 % between proton-proton, 
proton-neutron and neutron-neutron. We may regard a proton and a neu¬ 
tron as two different states of a nucleon. The Hamiltonian describing the 
nucleus is invariant under the interchange of proton and neutron states. 
This symmetry is called isospin. The group corresponding to isospin is 
called SIJ 2 , which is homomorphic with the rotation group R 3 and the 
mathematical description is identical to that of the spin 1/2. This means 
that the results we have derived for the group R 3 may be readily used here. 


6.1 The Group SU-) 

A 2 x 2 unitary matrix has four independent parameters and it may be 
written as 

U — exp(iO) (^ ^) 

Since UW = 1, we have mod{det U) = 1 and we may choose a5—(3^ = 1. 
A little algebra shows that 5 = a* and 7 = —(3* so that 

U = exp(i») ( , /) 
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The set of matrices U with 9 = 0 and determinant = 1 form a subgroup 
of U 2 , called SU 2 (special unitary). Thus, SU 2 is a group with elements 

u= {jr £) ( 6 . 1 ) 

and the condition \a\ 2 + \(3 \ 2 = 1. We should note that these matrices are 
themselves the elements of the group SU- 2 and they may be regarded as 
representations of rotation operators in a two-dimensional Hilbert space. 

Since U are unitary, the corresponding infinitesimal matrices must be 
skew Hermitian which can be made Hermitian by including the factor i: 


1 



Tr 





0 

-1 


Since the determinant of SU 2 is +1, its infinitesimal matrices must have 
zero trace and the unit matrix is therefore excluded. The remaining three 
matrices are just the Pauli spin matrices which are also the infinitesimal 
matrices of the rotation group R 3 corresponding to j = 1/2. However, 
the relationship between the two group elements of SU 2 and R 3 is not 
necessarily one-to-one (isomorphic). 

Physically, we may generate the group SU 2 by considering two nucleon 
states, 

\p) — c p|0), |n) = c+|0) 

corresponding to proton and neutron. The bilinear products of the annihi¬ 
lation and creation operators that conserve particle number are 

CpCp , c n c n , Cp C n , C n Cp 

We define a new set of operators 

B = CpCp + C+Cn 

T+ = CpC n 
f- = C+Cp 

tz = 2 (4 C P- C n c n) 

which have the following Lie algebra 

[B,t + \ = [B, f_] = [B,t z ] = 0 
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[Tz, t +] = T +, [Tz, T-] = T_, [f+, f_] = 2 T z 

The operator B may be interpreted as the Baryon number operator and 
it is an invariant reflecting the conservation of Baryon number. The three 
operators f + , f_, and t z form a Lie algebra by themselves and it is identical 
to the Lie algebra of the rotation group R 3 . The two dimensional repre¬ 
sentations of these operators are obtained by evaluating matrix elements 
such as (t+)i 2 = (p\CpC n \n) = 1 and this gives: 


B = 1 T + = — {o x + ia y ), r_ = -{a x 


m. 


y)i 


T z = 




In physical applications, it is usually the Lie algebra which is important 
rather than the Lie group. Two different Lie groups may have the same 
Lie algebra. As we have seen, the rotation group R 3 is not the same as 
the group SU 2 although they have the same Lie algebra. 


6.2 Relationship between SLJ-) and R 3 

To relate the elements of R 3 to those of SU 2 we consider explicitly the 
two-dimensional representation of R 3 corresponding to j = 1/2. A rotation 
about an axis a by an angle 0 is represented by 

H 1/2 (a, 0) = exp((f>k ■ X) (6.2) 

with X = —iaj 2. The anti-commutation relations of the infinitesimal 
matrices X are given by 

{X i ,X j } = -±6 ij (6.3) 

which implies 

(a • X) 2 = £ a iaj X,X, = -\E«1 e =A e 

ij i 

sine a is a unit vector. We can now easily work out the representation 
matrix H 1 / 2 (a, 0 ) 

H 1//2 (a, 0) = exp((f >a ■ X) 
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= 1 + </•(&■ X) + 0 2 (a ■ X) 2 + 0 3 (a • X) 3 + H‘(k . X) 4 + . 
2 o 24 

= 1 + ' ^) 2 + 24 ^ 4 (^ ' ^) 4 + • • • 

+ (a ■ X)[0 + -0 3 (a • X) 2 + ...] 
o 

= 1 - ^( 0 / 2) 2 + ^( 0 / 2) 4 + ... 

+2(a ■ X)[0/2 — ^(0/2) 3 + ...] 

= cos 0/2 + 2(a • X)sin 0/2 

I cos <p/2 — ia z sin <p/2 — (a y + ia x )sin(j)/2 \ 

V (a y — ia x )sin 0/2 cos <p/2 + ia z sin <p/2 ) 

These matrices are the matrices of SU 2 in Eq. ( 6.1) if we make the 
identification a = cos (j)/2 — ia z sin 0/2 and f3 = —( a y + ia x )sin 0/2 with 
0 < 0 < 27t and a pointing in all possible directions. The representation 
D 1/>2 for the rotation group is however double-valued because there are two 
matrices corresponding to the same rotation. This can be seen by noting 
that, to produce all rotations, the angle 0 need only cover either 0 to 7r, 
or 7r to 27r since 


R( a, 0) = R(— a, —0) = f?(—a, 2n — 0) 

The H 1 / 2 representations corresponding to this same physical rotation are 
different because 


H 1,/2 (—a, 27r — 0) = —H 1 / 2 (a, 0) 

The relationship between 5'60 and i? 3 is thus homomorphic because there 
are two distinct SU 2 matrices corresponding to the same physical rotation. 
The representation D 1 ^ 2 for the rotation group can be made single-valued 
by extending the physical rotation angle artificially to 47t (similar to Rie- 
mannian sheets in complex plane). A rotation R( a, 27r + 0) is regarded 
as a new rotation different from R( a, 0) whereas f?(a, 47t + 0) = f?(a, 0) 
since H 1 / 2 (a, 47T + 0) = H 1/,2 (a, 0). A rotation such as R(— a, 27r — 0) 
is to be regarded as equivalent to a rotation R{sl 1 2ti + 0) because 
R(— a, 27r — 0) = f?(a, — (27t — 0)) = f?(a, 47t — (27t — 0)) = f?(a, 27t + 0) 
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6.3 SLJ-) in Nuclei 

As we have discussed in the previous section, the infinitesimal operators 
of the group SU 2 have the same commutation relations as those of the 
rotation group R 3 . Since the irreducible representations of R 3 were deduced 
entirely from the commutation relations of the infinitesimal operators, it 
follows that we have the same irreducible representations in SU 2 which we 
may label with D T , T = 0,1/2,1, 3/2..., as in R 3 . T is called the isospin, 
similar to L for angular momentum in R 3 . 

We recall that when a Hamiltonian is invariant under R 3 , the eigen¬ 
functions transforming according to the irreducible representations D L are 
degenerate labelled by the z components of angular momentum Ml = 
L, L — 1,..., —L. Similarly, when a Hamiltonian is invariant under SU 2 , 
the degenerate eigenfunctions tranforming according to the irreducible rep¬ 
resentation D 7 will have ^-components of isospin M T = T, T — 1,..., — T. 
These multiplets are interpreted as different possible states of nuclei. For 
example, the two-dimensional space of proton and neutron, | p) and | n), 
tranforms according to D l N and consequently the eigenfunctions of a sin¬ 
gle nucleon will have M T = 1/2,—1/2. Conventionally, M T = 1/2 corre¬ 
sponds to | p) and M t = —1/2 to | n). 

Physically, the operator Q = \B-\-T z is regarded as a charge operator. 
A given nucleus with a fixed neutron number N and proton number Z 
corresponds to a state with Mt — (Z — N )/2 since (Q) = Z. This 
state may correspond to a state with T = \Z — N\/2 or higher. It is found 
experimentally that the ground state of a nucleus has the minimum value of 
the total isospin T whereas in an atom, the ground state has the maximum 
value of the total spin S (Hund’s rule). This is because the forces between 
the nucleons are attractive whereas the forces between the electrons are 
repulsive. The physical interpretation of this result is that a nucleus with 
a fixed mass number A = N + Z can exist in different nucleon states with 
^-components of isospin M T — {Z — N)/ 2, where Z and N may take any 
values constrained by the mass number. For a given nucleus with fixed N 
and Z, states with Mt — (Z — N )/2 but T > \Z — N |/2 correspond to 
excited states. 

For the general case of several nucleons, we consider simultaneous SU 2 
transformation in every nucleon. To find the irreducible representations of 
two nucleons, we use the same vector-coupling theory as in the angular 
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momentum theory: 


T1+T2 

d Ti ®d T2 = Y. ® dT 

\Ti-T 2 \ 


which may be extended to an arbitrary number of nucleons. 

As a first example, we consider two nucleons. From the vector-coupling 
theory, we have states with T = 1 and T = 0. The ground state will 
correspond to a singlet with T = 0 and the excited states to a triplet with 
T = 1 with Mt = 1,0,—1. To work out these states, let us write down 
explicitly the four vectors that form the space of two nucleons: 


|1> = \P 1 P 2 ) |2) = \prn 2 ) |3) = \nip 2 ) |4) = |nin 2 ) 

The vectors |1) and |4) have M T = 1 and —1 respectively and therefore 
belong to T = 1 states. To find the other states, we apply the lowering 
operator 

T_ = t_(l)+t_(2) 

on the vector |1) which conserves the value of T but lowers the value of 
Mt by one: 

|1> = \n 1 P 2 ) + |pin 2 > 

= |2) + |3) 


The resulting vector has Mt = 0 and we conclude that the T = 1 states 
must be 

|1), l/\/2(|2) + |3», |4} 

The remaining vector 

1/V5(|2) - |3» 

must have T = 0 as may be checked by considering 

T 2 (|2)-|3» = (T + t_+t> t)(\n lP2 ) - \ Pl n 2 )) 

= 0 


Another example of isospin labelling is provided by nuclei with A = 13. 
The lowest value of T = 1/2 must be given by the nuclei with Z = 6, IV = 
7, M t = -1/2 (C 13 ) and Z = 7, N = 6, M T = 1/2 (IV 13 ). Since 
A = 13 is odd, it is not possible to have states with T — 1. The next higher 
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states must be formed by the nuclei with Z — 5, N = 8, M T = —3/2 
and Z — 8, N = 5, Mt = 3/2 corresponding to T = 3/2. The remaining 
two states with Mt = ±1/2 must correspond to excited states of C 13 and 

N 13 . 


6.4 Tensor Operators 

Tensor operators are irreducible sets of operators associated in particular 
with the rotation group R 3 . The general definition of an irreducible set of 
operators {Of} is 

t (G)c3“T- 1 (G) = j:o^(G) 

k 

In Lie groups, T(a) = 1 + Yh q a q X q for small a so that 

TfaJOfT-ya) = (1 + - £ a q X q ) 

q g 

= of+ £«,[. ±o,"] 


Since 


we have 




4, + E“»( a T)k 

9 


[±,6?] = Eo?( A >< 

k 


(6.4) 


which is the equivalent definition of irreducible set of operators in Lie 
groups. 

The relations defining tensor operators associated with the rotation 
group are 


[Jz, 0 J J = E Om'Wm'i Jz^ln) = mO J m 


[j±, C> 3 m ] = E OL'Wm'i ± 771 + X ) U ± m )°L±l 
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j is called the rank of the tensor and the number of operators in a set is 
(2 j +1) with m = —j, + For example, the angular momentum 

operators themselves form a tensor operator of rank 1 (vector operator): 

0\ = -J+V2 , 61 = J z , 6\ = JW 2 



Chapter 7 

The Point Groups 


7.1 Crystal Symmetry 

A lattice is defined by three linearly independent vectors ai, a 2 , and a 3 
and a crystal is a regular array of lattices such that it is invariant under 
translations t = niS-i + n 2 a 2 + n 3 a 3 . Apart from translations, there are 
also symmetry operations which are performed with a point fixed (origin) 
and which form a point group. The fundamental covering operations of 
point groups are 

1. Rotations about axes through the origin. 

2. Inversion 

The complete set of symmetry operations including translations is called 
the space group. 


7.2 Schoenflies Notation 

There are several notations used in describing point groups. We follow the 
notation due to Schoenflies. 

E = identity 

C n = rotation through 2n/n. 
a = reflection in a plane. 
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ah = reflection in the plane through the origin and perpendicular to the 
axis of highest rotation symmetry. 

a v = reflection in the plane through the axis of highest rotation symmetry. 
ad = reflection in the plane through the axis of highest rotation symmetry 
and bisecting the angle between the two-fold axes perpendicular to the 
symmetry axis. This is a special kind of a v . 

S n = improper rotation through 2njn. An improper rotation is a rotation 
followed by a reflection in a plane perpendicular to the axis of rotation. 
i = S 2 = inversion. 

7.3 Commuting Operations 

We list pairs of operations which commute. They are useful for working 
out group multiplication tables. 

1. Two rotations about the same axis. 

2. Two reflections in perpendicular planes 

3. Two rotations by n about perpendicular axes. 

4. A rotation and a reflection in a plane perpendicular to the axis of 
rotation 

5. The inversion and any rotation or reflection 

The following rules are useful in determining the complete symmetry of 
the problem. 

1. The intersection of two reflection planes is a symmetry axis. The 
axis is n —fold if the angle between the planes is n/n. If a reflection 
plane contains an n —fold axis, there must be n — 1 other reflection 
planes at angles of n/n. 

2. If two 2—fold axes make an angle n/n, then there must be a per¬ 
pendicular n —fold axis. A two-fold axis and an n —fold axis implies 
the existence of n — 1 additional two-fold axes separated by angles 
of n/n. 
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3. Any two of the following: an even-fold axis, a reflection plane per¬ 
pendicular to it, and an inversion centre implies the existence of the 
other. 


7.4 Enumeration of Point Groups 

The point groups may be divided into two categories: 

1. Simple rotation groups which have one symmetry axis of highest 
symmetry. 

2. Higher symmetry groups which have no unique axis of highest sym¬ 
metry, but which have more than one n —fold axis where n > 2. 

It is convenient to visualise the point group operations by means of 
stereographic projections as shown in Figure 7.1. These are formed by 
projecting on to the XY plane a general point on a unit sphere which is 
subjected to the symmetry operations. The labels +/o mean that the 
point is above/below the plane respectively. The n-fold rotation axes are 
indicated by the symbols at the centre of the circle. Solid radial lines 
indicate vertical reflection planes and dashed radial lines indicate rotation 
axes. Horizontal reflection planes are indicated by unit circles with solid 
lines rather than broken lines. 

There are thirty two point groups and we list them in order of increasing 
complexity. 

Simple rotation groups: 

C n • These are groups of rotations about n —fold axes. They are cyclic 
groups of order n. It can be shown that n can only be 1, 2, 3, 4, and 
6. Other rotations are not consistent with translational symmetry. The 
groups are therefore C\, C 2 , C 3 , C 4 , and C 6 . 

Proof: If t is a translational vector and t' = Rt, then the translational 
vector t' — t must be perpendicular to the rotation axis. Let s be the 
shortest translational vector perpendicular to the axis of rotation. Apply- 
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ing C n on s generates a new vector s’ and we must have 

(s' — :s| = 2 ssin 7r jn > s 

since s is defined to be the smallest translational vector perpendicular to 
the axis of rotation. It follows immediately that n < 6 and geometrical 
consideration shows that n — 5 is not possible. 

Cnh • These groups have a ah reflection plane in addition to the C n 
axis. When n is even, the group includes the inversion element so that 

C 2nh = C 2n ® I■ The groups are C lh , C 2h = C 2 ®I, C 3h , C 4h = C 4 ®I, 
and C 6h = C 6 ® I. 

C nv • These groups have a a v reflection plane in addition to the C n axis. 
According to rule 1 there must also be n reflection planes separated by an 
angle n/n around the C n axis. C\ v is identical to C\h- The groups are 

C 2v , C 3v , C 4vi and Cq v . 

S 2n • These groups have an 2n-fold axis for improper rotations and each 
has C n as a subgroup. The groups are S 2 , S 4 , and Sq = C 3 ® I. 

D n • These groups have n two-fold axes perpendicular to the C n axis. 
The groups are D 2 , D 3 , D 4 , D 6 . 

D n h • Each of these groups has D n as a subgroup and in addition it 
contains the horizontal reflection plane ah- Since oy, commutes with rota¬ 
tions, D nh = D n ® I. 


D n d • Each of these groups has D n as a subgroup and in addition it con¬ 
tains diagonal reflection planes ad bisecting the angles between the twofold 
axes perpendicular to the principal rotation axis. The groups are D- 2 d and 

D 3 d- 

Higher symmetry groups: 


T • This group consists of 12 proper rotations that take a regular tetrahe¬ 
dron into itself. This is shown in Figure 7.2. The elements are E, 3 C 2 s 
about the X, Y, and Z axes and 8 C 3 s about the body diagonals which 
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consist of two classes, clockwise and anticlockwise rotations by 27 t/3. 

T ( i • This group has T as a subgroup and in addition it contains 6 diagonal 
reflection planes 07 normal to a cube face and containing a tetrahedral 
edge such as ac or ab. The presence of 6 oy/s implies the existence of 6 
S 4 's about the X, Y and Z axes. The total number of elements is 24. 

Th • This group has T as a subgroup and in addition it contains inver¬ 
sion so that Th = T ® I. 

O • This is one of the most important point groups, shown in Figures 
7.3a and 7.3b. This group consists of 24 proper rotations that take an 
octahedron into itself. These are E, 8 CYs about the body diagonals, 3 
C-i s and 6 C 4 ’s about the X, Y, and Z axes, and 6 CYs about axes through 
thr origin parallel to face diagonals. All the C 3 's are in the same class but 
the two kinds of C- 2 operations form two distinct classes. 

Oh • This group has O as a subgroup and in addition it contains inversion 
so that Oh = O ® I. 

The following point groups are useful to know but they are not consis¬ 
tent with translational symmetry because they contain fivefold axes. 

Y • This group consists of 60 proper rotations that take an icosahedron 
or a dodecahedron into itself. This is illustrated in Figures 7.4a and 7.4b. 

Yf j • This group has Y as a subgroup and in addition it contains inversion 
so that Yh = Y ® I. 

We list also in Table 7.1 the classification of the 32 point groups according 
to the crystal systems to which they belong. The unit cell required for 
compatibility with the point-group symmtery is specified by three trans¬ 
lations a, b, and c and three angles a, (5, and 7 as illustrated in Figure 
7.5. 
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7.5 Improper Point Groups 

The product of two improper elements is a proper element since an improper 
element has a determinant —1. It follows also that a product of a proper 
and an improper element is an improper element. Let G be an improper 
group. We may write 

G = P + Q 

wher P and Q contain proper and improper elements respectively. Let i 
be any improper element. Then from the rearrangement theorem we have 

G = iP + iQ 

and therefore iP = Q and iQ = P so that 

G = P(l + i) 

If i commutes with all elements in the group, then 

G = P®I 

where / = (l,i). For example, i can be the inversion or horizontal reflec¬ 
tion. If the inversion is not contained in the group, it is isomorphic with the 
proper group G' = P + iQ. This isomorphism can be seen by noting that 
iQ cannot overlap with P since i is not contained in G. Thus we associate 
the element iQ k of G' with the element Q k of G while P is common to 
both groups. 


7.6 Double-Group Representations 

We have seen that the half-integer representations of the rotation group R 3 
are double-valued. Each rotation is represented by two distinct matrices. 
The half-integer representations arise for example when the basis functions 
are the spin functions Xo-( m s) which give the representation D 1 / 2 . 

Since point groups are subgroups of the rotations group, we also expect 
to have double-valued representations when the basis functions transform 
according to the half-integer representations, which are often the case in 
physical applications. 
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Consider a point group g consisiting of proper rotations and the corre¬ 
sponding group G of matrices taken from the representation D 1//2 , say. G 
contains twice as many elements as g does and the group G is called the 
double group of g. The two groups G and g are homomorphic. To work 
out the character table of the double group, we can proceed as usual but 
the following rules simplify the procedure: 

1. Let T(R) and T(R) be two matrices of G representing the same 
rotation R. T(R) = ET{R) where E is minus a unit matrix repre¬ 
senting a rotation by 27T and E 2 = E represents a rotation by Pr. 
Evidently, E commutes with all elements of the double group. The 
characters of T(R) and T(R) must therefore have opposite sign: 

x(R) = -x(R) 

except when R is a rotation by n, in which case x(R) — x(R) — 0. 

2. Neglecting for the moment the special case of rotation by it, it follows 
that if a set of rotations R form a class of g, then the matrices T(R) 
and T(R) form two classes of G, such that if T{R) belongs to one 
than T(R) belongs to the other. 

3. If R is rotation by n, then T(R) and T(R) may or may not belong 
to the same class. They belong to the same class if and only if the 
axis of rotation is bilateral, i.e. there is an element that reverses 
the direction of the axis. This is because for bilateral axis, R(±9) 
belong to the same class so that in the double group R(n) and 
R(— 7t) = R( 37t), or T(R) and T(R), belong to the same class. 


As an example, we consider the double group of D 3 . The classes of 
D 3 are C e , C c , and C ( [. The classes of the double group can be worked 
out by using the rules discussed above, e is in a class by itself because it 
commutes with all elements. There is no bilateral axis so that the character 
table is given by 
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C e 

C e 

2 C c 

2 C c 

3 C d 

3 C d 

T 1 

1 

1 

1 

1 

1 

1 

T 2 

1 

1 

1 

1 

-1 

-1 

T 3 

2 

2 

-1 

-1 

0 

0 


1 

-1 

1 

-1 

i 

—i 


1 

-1 

1 

-1 

—i 

i 

7^6 

2 

-2 

-1 

1 

0 

0 


The first three are the single-valued representations of D 3 and the last three 
are the new representations arising from the double group. The characters 
X (C d ) can be obtained by observing that d\ = e so that x 2 (C d ) = — 1 and 
therefore x(Cd) = ±T The rest of the table can be filled in by using the 
orthogonality between the characters. 

E commutes with all elements and E 2 = E so that ( E,E ) form a 
subgroup. The double group, however, is not a direct product of this 
subgroup and the original group because from the point of view of the 
double group, the original group g is no longer a group. 

As a simple example of physical applications of the double groups we 
consider an atom with three s-electrons. The product of three spin func¬ 
tions tranform according to the product representation D 1//2 ® D 1 ^ 2 (g) 
d i /2 = d 3 / 2 ®2D 1 / 2 . Let us suppose that we break the rotational sym¬ 
metry by putting the atom in a potential with D 3 symmetry. The product 
functions transform according to the double group of D 3 and not accord¬ 
ing to the group D 3 . The representations _D 3/2 and D 1//2 may be reduced 
by using the usual formula x — Y^-y m 'yX' y where 7 labels the irreducible 
representations of the double group. 

7.7 Space Group 

The space group, which is the full symmetry of a crystal, contains 
translational-symmetry operators, rotational-symmetry operators from the 
point group, and the combinations of the two. The elements of the space 
group are conventionally represented by {i?|t} meaning 


{i?|t}r = Rr + t 


(7.1) 
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The multiplication rule for the elements of the space group is 


{f? tjjf?' t/jr = {R\t}(R'r + t') 
= R(R'r + t r ) + t 
= {RR'\Rt' + t}r 

(7.2) 

If {R'\t'} = {f? t} -1 then {RR'\Rt' + t} = {£7|0} so that 

R' = R- 1 , t' = -R~H 

(7.3) 

Thus the inverse element is 


{Rlt }- 1 = {/T 1 ] - r~H} 

(7.4) 

We have already shown in example 1 (3.14) that the eigenfunctions 
of a Hamiltonian with a lattice translational symmetry must obey Bloch 
theorem: 

4( r + t ) = e ‘ k ' t 4( r ) ( 7 - 5 ) 

Functions having this property are called Bloch functions, 
we can write 

^k( r ) = M k( r ) e * k ' r 

where is periodic, i.e. 

This means that 

(7.6) 


«k( r + t ) = u k( r ) 

We consider here only simple space groups (symmorphic). By this we 
mean that all the point group elements are members of the space group or 
in other words, the point group is a subgroup of the space group. This is 
not true in general. 

The form of the Bloch functions explicitly takes into account the lattice 
translational symmetry. Now we consider the effects of the point group 
operations on these functions. 

k(r) = T(fl)« k (r) e ‘ kr 
= « k (ir 1 r)e' k '*~ ,r 
= !i k (fl- 1 r)e“ kr 


(7.7) 
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The function u^(R x r) is also periodic because 

M k(-^ 1 ( r + *0) = + O = M k(-^ lr ) 

where t' = R _1 t is just another translational vector. 

If we apply all the point-group operations on a wave vector k we obtain 
what is called the star of k. If k lies on a symmetry point, some of the 
operations will take k into itself. These operations that take k into itself 
clearly form a subgroup because RiR- 2 k = R^k = k where R 1 R 2 = R 3 . 
This subgroup is called the group of the wave vector. Under the operations 
of this group, we have 


nm k(r) = KklirVje*' 1, (7.8) 


Thus we see that {■U] t (-R~ 1 r) transform among themselves under the group 
of k according to an irreducible representation of the group which is called 
the small representation. 

The eigenfunctions of the Hamiltonian of a crystal are then specified 
by two quantities: the k vector (Bloch theorem) and the irreducible repre¬ 
sentation of the group of k. 

Formally, we have (in atomic units h — m — e — 1) 


iv 2 + V(r) 


= EvT 


k*k 


(7.9) 


Using the Bloch form, we get 
1 

~2 L 

which may be rewritten 
1 


V 2 + 2ik • V - k" 


-^V 2 + V(r) + k-p 


u k = E k u k 


u k = E k u k 


(7.10) 


(7.11) 


where E 1 = E — k 2 / 2. This equation shows the significance of the group 
of k. We can think of the last term as a perturbation which breaks the 
symmetry of the lattice potential V(r). 

Consider first the case of k = 0. Then will transform according to 
an irreducible representation of the full point group. The degeneracy at this 
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point is given by the dimension of the irreducible representation as usual. 
Let us now consider the case k ^ 0 with the corresponding k vector group 
which is a subgroup of the full point group. In this case, the degenerate 
states at k = 0 still form an invariant subspace for the subgroup but they 
are in general reducible. We expect that the degeneracy will be split. In 
this way we can figure out the degeneracies at any k point. As a simple 
example, consider a two dimensional crystal with a square primitive lattice. 
The reciprocal space is also a square. Let us assume that the point group is 
D 4 . If we take a point along the a;-axis, then the k vector group is (e, a x ) 
(using the same notation as in the exercise). This is an Abelian group 
and the irreducible representations are one dimensional. Thus the states at 
this point cannot be degenerate. If we consider the point k = 0, we might 
have states which are doubly degenerate because there is a two dimensional 
irreducible representation of D 4 . Along the a>axis, these degenerate states 
will in general be split. 
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Chapter 8 

The Group SU% 

8.1 Infinitesimal Operators and Lie Alge¬ 
bra 

The group SU 3 is an extension of the group S{7 2 . We derive the Lie 
algebra from a physical point of view by considering three states which 
may be associated with the proton, neutron and lambda particle states: 

\P) = 4 10>, |n} = c+|0}, |A) = c+|0> 

The bilinear products of annihilation and creation operators that conserve 
particle number are: 


c p c p , 

Cp c n) 

CpC A , 

These operators form a Lie algebr 
operators as follows: 

B = CpC p + c+a, 

A — ^ ( C p C p ~~ C ; 

Y = \( C P C P + C r. 


c n c n 1 



+ ^ 

C n CA, 


C n C P> 

C A Cn 


. We define a new set of infinitesimal 

+ 4c a , 

1 ^n) i 

c n - 2caC A ), 
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T+ = c+c n , U+ = c+c A , V+ = cXc p , 

T- = c^Cp, U- = c\c n , VI = c+ca 

We could have chosen 

Uz = \{pXc n - 4 c a ) = ^Y - ^T z ( 8 . 1 ) 

or 

K = - <c p ) = -- \t (8.2) 

instead of T z . The operator B commutes with all other operators and 
it may be interpreted as the (baryon) number operator. The rest of the 
operators form a Lie algebra by themselves and there are at most two 
operators that mutually commute, T z and Y, so that the corresponding 
Lie group is of rank 2. The other operators T±, U±, and V± are the ladder 
operators, as the notation already suggests. Thus the desired Lie algebra 
is 



= 0 

(8.3) 

T z , J± 


(8.4) 

V. -4 

= A(Sju — bjv)J± 

(8.5) 


where J = T,U,V. The Lie algebras for U and V can be obtained from 
Eqs. ( 8.1), ( 8.2), ( 8.3), ( 8.4) and ( 8.5). In additions, we have 
commutation relations among the ladder operators which are useful for 
generating the multiplets: 


; 4 , 4 
T ± ,U± 


We observe also that 


2 Sjj'J z (8-6) 

±4 and cyclic permutations (8.7) 


[Jz,J±\ = ±J±r [J+,J-]=2J Z 


which is the Lie algebra of SU 2 . 


( 8 . 8 ) 
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The representation of the infinitesimal operators in the three dimen¬ 
sional space of |p), | n), and |A) is given by 


T, = 


T+ = 


U + = 


v+ = 



Y = 


TL = 


U_ = 


V- = 


0 0 


These are in fact the generators of the group SU 3 . 



8.2 Subgroups 

Knowledge of the subgroups is useful for working out the multiplet struc¬ 
ture. Eq. ( 8.8) shows that there are three SU 2 subgroups. Y is a generator 
of an Abelian group as indicated by the diagonal form of Y, just like T z 
is a generator of an Abelian group R 2 . The generators (Y,T Z ,T±) form a 
direct product group SU 2 <8> U\ since Y commutes with T z and T±. The 
Abelian group Ui can be shown to be isomorphic with the group R 2 . There 
are other subgroups but they are not important for the purpose of working 
out the multiplet structure. 


8.3 Multiplet Structure 

There are two mutually commuting operators, T z and Y, so that a multiplet 
may be labelled by two numbers related to the eigenvalues of two Casimir 
operators. Each state in a multiplet may be labelled by the eigenvalues 
of T z and Y. However, due to the presence of SU 2 subgroups, the states 
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may be degenerate and additional labels are required to distinguish these 
degenerate states. Thus the states in a given multiplet can be written as 

il>(M T ,Y,a) 

where M T and Y are the eigenvalues of T z and Y respectively and a is 
a set of additional labels required to distinguish states with the same Mt 
and Y. Since Y corresponds to an Abelian group, its representation is one 
dimensional and uniquely labelled by Y . The label Mt on the other hand 
may arise from several different values of T. To label each state uniquely, 
we may then choose a = T. 

From Eq. ( 8.8), the operators (T z , T + , T_) are the infinitesimal op¬ 
erators of the group SU 2 and therefore M T takes the values M T = 
0, ±1/2, ±1,_ Similarly for (U Z ,U + ,U_) and (V z , V + , VT). It fol¬ 

lows from Eq. ( 8.1) or ( 8.2) that the eigenvalues of Y are Y = 
0, ±1/3, ±2/3, ±1,.... Each state in a given multiplet may then be repre¬ 
sented by a point in (Mt,Y)~ plane as illustrated in Fig. (8.1), keeping in 
mind that each point may represent more than one state. Each state is not 
only an eigenstate of T~ and Y but it is also an eigenstate of U z and V~ as 
follows from Eqs. ( 8.1) and ( 8.2) but T z , U Zl and V z are interrelated so 
that one of them determines the other two. 

The ladder operators may be conveniently represented by arrows as 
shown in Fig. (8.2). For example, Eqs. ( 8.4) and ( 8.5) tell us that 

V- *!>(M t , Y, T) = £ c(T') <!>{.M t +\,Y + 1, T') 

'j't " 

To generate a multiplet, we use the same procedure as in the case of 
the rotation group. We start from a state ^ with the highest value of Y 
and for this Y the highest value of Mt- Or alternatively, we could start 
from the highest value of Mt and for this Mt the highest value of Y. The 
first alternative implies: 

f+V> = u+4> = V-ip = o 

Although U- increases Mt, U-i\) is not necessarily zero because f/_ lowers 
the value of Y. The above equations imply that x/j is an eigenfunction of 
T 2 , U 2 , and V 2 which may be verified by operating T 2 = T„T + + T 2 + T~ 
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on ip, and similarly for U 2 and V 2 . In other words it has definite T, U, 
and V. Conventionally, ip is labelled by two numbers A = 2 T and /i = 2 U, 
which implies from Eqs. ( 8.1) and ( 8.2) that A + fi — 2V. Or 

T=\ A, U=^, V = i(A + ,,) (8.9) 

The two numbers A and /i may also be used to label the multiplet: D Xfl . 
The state ip has the following values of Mt and Y: 

M t = \ A, Y= l -{\ + 2^) 

and let us denote the state by the point A = [|A, |(A + 2 /T)\ as shown in 
the Fig. (8.3). The steps to generate the multiplet is as follows: 

1. We apply T_ repeatedly on if?(A) until we reach point F at which 

T-ip(F) = 0. The coordinate of point F is F = [—|A, |(A + 2/i)\ 

2. We apply U_ repeatedly on if?(A) until we reach point B at which 
U-ip(B) = 0. To figure out the coordinate of point B, we observe 
that U_ increases M T by 1/2 and decreases Y by 1 and U_ has been 
applied n times from A to B. Thus B = [|(A + /r), |(A — n)]. There 
cannot be states to the right of AB because from Eq. ( 8.6) we have 
T + U™ip = VJJUI) = 0 Thus the states along AB still have definite 
but different values of T and V and the same value of U. 

3. The states along BC can be obtained by applying V + repeatedly on 

or we can argue from symmetry that the states must be sym¬ 
metrical about the diagonal bisecting AB. The rest of the hexagon 
can be obtained by symmetry about the diagonal bisecting BC. We 
have shown that the states in a given multiplet must lie on or inside 
a hexagon. In general, it can also be a triangle which is the case 
when A = 0 or yU = 0. States on the outermost hexagon are unique 
and they have definite T,U, and V. 

4. We can now generate states inside the hexagon and there may be 
more than one independent state at each point. Consider the state 
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labelled by point G. There are three basic ways of reaching point G 
from A which generate the states: 

<f>i = T_LL0 02 = G_T_0 03 = 140, 

The states 0i and 0 2 are linearly independent since T_ and U_ do 
not commute but 0 3 is not independent of the other two because 

[T-, 4-]0 = - 4+0 - 0 ! - 0 2 = -03 

The state 0i has a definite T = |(A + 1) and it is possible to form 
a linear combination of 0 2 and 0 3 so that it has a definite T: 

r + (0 2 + C 0 3 ) = r + 0_r_0 + cf+4+0 

= 0_T + T_0 + c(V + T + — £/_)0 
= f/_(T_T + + 2T 2 )0 — cf/_0 
= (A — c)f/_0 

using the fact that T + 0 = 0. By choosing c = A the linear combi¬ 
nation 0 2 = 0 2 + A03 has a definite T = |(A — 1) since T + 0 2 = 0 
and T 2 0 2 = §(A — 1)02- It is of course possible to choose the states 
to have definite U or V. Applying T_ on 0(G) generate two sets of 
states parallel to AF. Continuing along the same fashion, it is not 
difficult to show that the next line parallel to AF consists of three 
sets of states with T = |(A — 2), |A, |(A + 2). For example, the 
state L00 has T = |(A + 2) while the state 0_0 2 has T = |A since 
T + f/_0 2 = f/_T + 0 2 = 0. The third state may be formed by a similar 
linear combination as the one described above. 

The multiplet structure consists of hexagons of decreasing size with 
the degeneracy increased by one as we move inside. Eventually we 
may arrive at a triangle instead of a hexagon at which stage the 
degeneracy remains constant as we move further. The reason is that 
with a triangle we cannot generate an new state such as 0 2 . This 
implies that when A = 0 or fi = 0 each point corresponds to one state 
because we start with a triangle and no extra states are generated 
as we move inside. This is illustrated by the representation D 30 in 
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Fig. (8.4) where the point O can be reached from A by V + T_ip(A) 
or T_V+iJ}(A) but [V + , TL] = 0 so that the two paths are equivalent. 

The multiplet structure also allows us to work out the dimension 
of the irreducible representation. Thus the outermost hexagon 
contributes 3(A + yt) states and the next one inside contributes 
2 x 3(A + ii — 2) states and so on taking care of the special case of 
a triangle. The general formula is given by 

d{ A, /i) = —(A + l)(/i + 1)(A + /i + 2) (8.10) 

which is symmteric with respect to interchange of A and [i. Given 
a representation D Xfl it is straightforward to map the states in the 
(Mt,Y) — plane. Starting from the point A = [|A, |(A + 2yt)], we 
form the line AF by moving A steps along TL and yt steps along U_. 
The rest of the hexagon and the inner hexagons can be formed from 
the rules discussed above. 


8.4 Example 

As an example, let us construct explicitly the multiplet D 21 as shown in 
Fig. (8.5). We start with the state 

H A ) = ip(l,^,l) 

which has definite values of T — 1, U = and V = |. Applying TL twice 
generates 

^(0,^,1), ^(-l,g,l) 

Applying U_ on 'ip(A) gives 

*<*> = *<§■ 5 ' !> 

The T — | multiplet is generated by repeated applications of TL on ip(B). 
The T — A multiplet is generated from the linear combination 


H\, 1, \) = <U-T. + 2 V + W(A) 
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The normalisation constant is obtained by requiring 

|c| 2 ((f/_TL + 2V+)ip{A), (■ UJT .L + 2V+)iP{A)) = 1 

We have 

(U-T_iP(A), U_T_ip(A)) = (i/}(A), T + U + U_T^(A)) 

= (iP(A),f + (U_U + + 2U z )f^(A)) 

= 2(ip(A), T + (T-U Z + ^T-'ip(A)) 

= 2(^(A), f+T^A)) 

= 4 

(U-T^(A), V+iP(A)) = ('ip(A), T + U + V+i/;(A)) 

= ^(A),f + (V + U + + T^(A)) 

= 2 

(V+^A), V + iP(A)) = 3 

Thus the normalisation constant is given by c = 1/a/24. The states at C 
are given by 

-0(0,1) = ciTL V + i/>(B), -0(0,-|,0) = C2 U_^ 1 -, 1 -) 

The normalisation constants can be calculated in the same way as above. 

8.5 Product Representations 

In physical applications such as analysing the possible final states in a colli¬ 
sion between two particles, we have to decompose product representations: 

D Xl ^ <g> D x ^ 2 = ^ © m ^ DXfl (8.H) 

Xfi 


The general formula for the coefficients m\^ is complicated but it possible 
to obtain them directly by the method of reduction. We illustrate this 
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method by considering the product D 11 ® D 11 . First we list all possible T 
and Y multiplets contained in D 11 and label them by (T,Y): 

D n — (^, 1 ) © ( 1 , 0 ) © ( 0 , 0 ) © 

We form products of (' T,Y ) 


(Ti,yi)®(T 2 ,y 2 ) 


ti+t 2 

E 


T=|Ti-T 2 | 


(T, Y 1 + y 2 ) 


To determine T we have used the usual vector coupling theorem and to 
determine Y we note that it represents an Abelian group so that the repre¬ 
sentation is of the form exp(icY ) and therefore the product of two represen¬ 
tations Yi and Y 2 is exp[ic(Y\ + Y 2 )\. Forming all products and substract- 
ing all possible representations contained in the product representation we 
have: 



y = 2 1 0 - 1-2 

D 11 ® D 11 

D 22 

T = 1,0 2(|),4(i) 2,5(1),4(0) 2(§),4(±) 1,0 

T — 1 31 211) 3 1 -I 

D 03 

^ 0 p(|) 4(1), 3(0) p(J) 0“ 

T= 0 i 1 1 

D' 30 

p(l) 3(1),3(0) 3(|) o - 

T= 1 1 \ 0 

2 D 11 

T= 2(1) 2(1),3(0) 2(1) 

T — 2(1) 2(1),2(0) 2(1) 

O 

O 

Q 

T = 0 

T — 0 


The first row is a list of all possible Y that arise from the product rep¬ 
resentation. The second row is a list of all possible T and the number 
preceeding each bracket is the number of times the T multiplets arise for 
a given Y. The product D 11 (g> D 11 must contain a representation with 
T — l,y = 2 which is the representation D 22 . We substract the T values 
of D 22 listed in the third row from the product representation which yields 
the fourth row. Following the same argument, there must be a represen¬ 
tation with T — 0, y = 2 which is the representation D 03 . We substract 
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the T values of D 03 from the remaining T’s and continue along the same 
fashion. Thus we conclude finally 

D n ® D 11 = D 22 © D 03 © D 30 © 2D 11 © D 00 

8.6 SU : ] Multiplets and Hadrons 

Hadrons are strongly interacting particles with decay time < 10~ 8 sec, ex¬ 
cept proton and neutron. By strong we mean that the energy involved in a 
reaction is of the order of MeV or greater. Apart from, mass, spin, charge, 
and parity, hadrons may be assigned the following intrinsic quantities: 

1. Isospin T: Among an isospin multiplet, hadrons have (almost) the 
same masses. For example, proton and neutrons which correspond to 
T = 1/2 or the three 7r-particles which correspond to T = 1. Strong 
interactions are found to be invariant under isospin tranformation, 
i.e. states in a given isospin multiplets transform among themselves 
under isospin transformation such as transformation among ( p,n ) or 
(7r + , 7T~, 7T°) (c.f. angular momentum states). 

2. Hypercharge Y: The quantity Y in the group SU 3 is related to the 
charge and the ^-component of isospin by 

Y = 2(Q - Af r ) 

This relation is a physical interpretation which does not follow from 
group theory. It is known experimentally that the hypercharge is 
conserved in strong interaction. Hadrons can be divided into baryons 
with half-integer spins and mesons with integer spins, the former are 
heavier than the latter. 

3. Baryon number B: It is conserved in all reactions, including weak 
ones. The assignment of baryon number if as follows: B — +1 for 
baryons, B = — 1 for anti-baryons, and B — 0 for mesons. 

With the above assignments of intrinsic quantities, hadrons can be 
beautifully classified according to SU 3 multiplets. Fig. (8.6) (figure 11.8 of 
Elliot and Dawber) shows some of these classifications. The corresponding 
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particles are listed in Table (8.1) (from table 11.1 of Elliot and Dawber). 
The representation D 11 and D 3{] consist of baryons with spin 1/2 and 3/2 
respectively while the other D 11 representation corresponds to the mesons. 
Particles with short life-time, which arise as resonances in collisions, may 
often be regarded as excited states of the more stable ones. 

It has been suggested that baryons are composed of three more funda¬ 
mental spin 1/2 particles known as quarks which are labelled by u, d, and 
s. These three quarks are supposed to correspond to the representation 
D 10 so that 

u ->T=-, M t = +~, y=+j, Q = + 3 

d ->T =\, = Y = A- 

s -»• T = 0, Mr =0, Y = Q = 

Since the largest spin is S — 3/2, it is then proposed that the baryons can 
be constructed from the triple product 

D 10 © D 10 © D 10 = D 30 © 2D 11 © D°° 

A more complicated model involving nine quarks has also been proposed 
which introduces, apart from spin, additional intrinsic properties known as 
colours. 


8.7 Casimir Operators 

We have not made any explicit use of the Casimir operators in working out 
the structure of the multiplets. To construct the second order Casimir op¬ 
erator, it is possible to use the general formula derived before and a similar 
formula for higher order Casimir operators can also be derived although 
they become more complicated. For the group SU 3 there is a simple way 
of working out the Casimir operators which is based on the observation 
that the infinitesimal operators may be written in terms of the matrices 
defined by: 

(Ai)ki 5^ —$ijdki 


( 8 . 12 ) 
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We have 

T, = (A\-A*)/2, Y=-Al T + = A\, T_ — A\ 

U+ = Al U. = Al V + = Al, V.=A\ 

The commutation relations for the A{ are 

[4,4]= V4‘-&4 

It is then easy to show that the operators 

<4 = £44 c 3 = £444 

ij ijk 

commute with all of the infinitesimal operators. Instead of C 3 it is more 
convenient to define 

C' 3 = C 3 + 3 -c 2 

so that 

C21P = -(A 2 + + A/i) + 2(A + fx) ip 

_ O 

C 3 ip = —(A — /i)(2A + /i + 3)(2/i + A + 3) ip 
9 

which may be easily verified by using the Lie algebra. 



